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1. Introduction

In the present paper there are depicted theordigsit of the stochastic equivalence
scales $ES concept. Furthermore, estimation methods of swathes on the basis of statisti-
cal data are proposed. Theoretical considerationglastrated with empirical examples.

Theoretical basis 08ESis constituted byholistic (stochasticyesearch paradigm of
welfare. The outline of this paradigm has beenges] in the papers of Kot (2002, 2003,
and 2004), whilst its further discussion is to lepidted in a separate paper.

The hitherto attitude towards the problem of egleinee scales is founded on indi-
vidualistic welfare paradigm. The starting pointénes an individual consumer provided with
individualistic income utility functioh What is searched for here is the way of aggregati
the welfare of the individuals in order to obtaingte characteristics named social welfare
function. Alas, the conclusion arising from the tam statement of Arrow (1951) is that such
an aggregation is impossible. Within the framesnalfividualistic paradigm, there are at-
tempts to omit the consequences of the above statelny the acceptance of additional and
immensely controversial assumptions. This partityleoncerns the interpersonal compara-
bility assumption, which is unacceptable for maogremists [c.f. Pollak, 1991].

Theoretical difficulties of individualistic paradigapply also to the issues of equiva-
lence scales, and that is indicabetér alia by the statement of Blundel and Lewbell (1991). It
denotes the fact that equivalence scales applipthictice are arbitrary in such sense that they
cannot be derived from the existing theory of comatis behaviour. Theoretical welfare in-

comparability is transferred in an inevitable wanathe impossibility of the theoretical solu-

" Fax: (+48 58) 348 6007, email: skot@zie.pg.gda.pl
! Utility function is treated here as a convenieatimematical representation of preference relation.



tion to the problem of equivalence scales. The epnhof stochastic equivalence scales pro-
posed in the present paper aims at overcomingntimisssibility.

The remainder of the present paper is structurddllasvs. Section 2 provides an ove-
rview of the holistic paradigm of welfare resear8ection 3 defines stochastic equivalence
scales and the methods of their estimation onssitzl data basis. Section 4 contains empiri-
cal examples of such scales, estimated on the basiscro-data from 2000 Polish HBS. Fi-
nally, section 5 makes some concluding remarksracdmmendations with regard to further

research areas.
2. Holistic concept of welfare

Holistic research paradigm of welfare proposedHhsy duthors constitutes an alterna-
tive for the hitherto valid individualistic paradig In holistic paradigm the existence of bene-
fit function (BF) is postulated as a social instrument for the etada of income distribution.
In other words, it is assumed that the society ahale is provided witlBF%. The essence of
BF consists in the transformation of income distiitniinto welfare distribution

Formal representation of this transformation isf@pws. Let the positive random
variable X with c.d.fF(x) describe the income distribution in the societypgdation)®. The
author postulates the existenceB¥ in the form b: R — R, which transforms the random
variableX into a new random variab\&"

W = b(X) 1)
with c.d.f G(w). The values oBF will be namedwelfare We will say that (1) definesel-
fare distribution.

Therefore, the basis of holistic welfare paradignconstituted by the ordered triple
«X,b,W, i.e. random variable X (income distributionpmrandombenefit function bf/and
random variable W (welfare distribution). Each edemof the above triple conceriise
population as a wholenotan individualof this population. Holistic paradigm might alse b
defined as stochastic due to the here applied prldiac (stochastic) mathematical apparatus

describing the population as a whole.

% Let us notice that Arrow’s theorem does not exclildeexistence dBF, being the mathematical representation
of social preference relation. The above theorem ioifiérs that it is not possible to obtain thisisbpreference
relation on the basis of individual preferencetieta

% We use here interchangeably the commonly undetstwntal abbreviations in the form of “probabilitigtri-
bution”, “random variable”, always meaning a certaandom variable, which distribution is describeith
c.d.f. Consequently, we will also apply the follogisymbolics: capital Latin letters will denote randvari-

ables (measurable functions), while small Latirelstiwill stand for the values of these functions.



Holistic (stochastic) paradigm proposes theoretieakarch perspective of welfare so
to say from the opposite side than individualigteradigm does. In individualistic paradigm
the starting point are individual welfare, predictey the ‘trajectories’ of individual consum-
ers’ behaviours. On the basis of these individtegkttories it is attempted to obtain social
‘trajectory’ in the form of social welfare. Howeven holistic paradigm it is proposed to start
from the other side, i.e. from the decompositiomveffare for the society as a certain whole.

A similar transition from individualistic (determstic) paradigm to holistic (stochas-
tic) paradigm took place with regard to thermodyanat one time. It will be illuminating to
follow the problem and motives which inclined thieypicians in the early XIX century to
search for solutions out of the conventional at timae deterministic paradigm.

Thermodynamics of the early XIX century was facathwhe problem of measuring
the total kinetic energy of gas closed in a certintainef. Initially there were attempts to
solve this problem within the frames of Newton’'sam&nics, which had for the then physi-
cians the value of universal theory. The solutippemred to be simple. The only thing to be
done was to define the initial position and momentf a single gas molecule, describe its
trajectory by the known movement equations andiprede collision with the trajectory of
another molecule, then with the trajectory of arotinolecule and so forth. However, this
way of solving the problem ended as a faflure

The solution of the problem was found by Boltzmahp formulated the basis of sto-
chastic gas theory. He proposed considering kiregtérgyprobability distributionin spite of
the hitherto attempts of “aggregating” individuadjéctories of gas molecules. By the way he
discovered that temperature — which was at that gjoite a mysterious physical quantity — is
simply the average value of this kinetic energyriiation.

The analogy between the situation in thermodynahéseribed above and the present
situation in welfare economics is very illuminatiiget us pay attention to at least two ele-
ments.

Firstly, in welfare research the independence dividual preferences of particular
consumers is assumed. The inadequacy of this asisumnpas pointed out by many authors.

One of the attempts to diminish this assumptios ilesupplementing the utility function u(x)

* We summarize here the example provided by Prigogitd Stengers (1997).

®> The reason for this failure was the inadequacyeffen’s theory for the considered issues. Newtenisa-
tions constituted the idealization of a single ioket(a material point) movement with the lack gfegnal im-
pacts, i.e. of other particles. Let us notice thatindividualistic welfare paradigm also usespheferences of
individuals, isolated from the preferences of ofersons.



with an additional argument in the form c.B(Kk), regarded as the income rank x in the distri-
bution, i.e. the usage of functiongk,F(x))[c. f. Lambert (2001) p. 123].

Secondly, in welfare economics it is searched Hertbtal (or rather averaging) social
welfare - an economic unobservable and very mysisrquantity. This quantity is measured
by the mean value of individual welfare, where averaging is performeith regard to in-

come distributiorF(x), i.e.
u =Tu( x)dF(x) (2)

In holistic (stochastic) paradigm we emplaglfare distribution Wwhich is a cate-
gory not existing in individualistic paradigm. Theean valuds[W] = 4, in this distribution is

equal to:
H, = [WdG(w) = [(x)dF(x) 3)

whereD is the relevant range of integration.

It is easy to notice that social welfanan individualistic paradigm is nothing but the
mean value in welfare distributidnin holistic paradigm. It seems to be obvious thegcrib-
ing the welfare distributiolV, just like describing any other distribution, omlyth the mean
value is insufficient. Nevertheless, nothing afn the mean value is offered by individual-
istic paradigm. However, holistic paradigm allowsscribing the welfare distribution in a
more complete way, e.g. with the use of standastrggive statistics: position, variability,
skewness, etc. One might also analyse inequaiitie®lfare distribution.

The research perspective offered by holistic (setib) paradigm would be heuristi-
cally barren if we were not able to determine welfdistribution on the basis of empirical
data. In the papers of Kot (2002, 2003, 2004) stnaerems have been proved, which allow
identifying the welfare distribution form and eséiting its parameters, together with the pa-
rameters oBF, on the basis of empirically observed income itigtron. More extensive and

more general description of these methods willfesgnted in a separate paper.
3. Stochastic equivalence scales.

The need to compare the welfare of households wéatlous needs underlies the con-
cept of all equivalence scales. The differentiatbmeeds is usually associated with the dif-

ferentiation of household demographic structuier example the size of the household or the

® Similarly, the temperature occurred to be the ayewvalue in the kinetic energy distribution of gaslecules.
" Obviously, the diversification of needs might atesult from other reasons, e.g. disability.



size of the household and the age of its membdnstfver they are adults or children). At the
same time a group of the reference householdgableshed, e.g. single-person households.
Equivalence scales are assumed to serve as aotoobriverting the income of an analysed
household into the income of a reference houseinotdder to obtain the same welfare level
of comparable households.

Within the frames of holistic (stochastic) paradigra propose formulating the prob-
lem of establishing equivalence scales on the bafsiselfare distribution of comparable
groups of households. In practice, this will regote compare theacome distributionn the
analyzed group of households with theome distributionin the group of reference house-
holds.

For the formal problem expressiae will divide the population of all householdsant
H decomposable subgroups due to the chosen criteiferentiating the needs of those
households, e.g. due to their demographic struchiterandom variableX;, X, ..., X4 repre-
sent the income distributions of the separatedrsuipg. For the accepted folk b(x), these
income distributions will be matched with welfaréstdbutions, i.e. random variables
Wi = b(Xy), Wo = b(X),..., Wi = b(Xn).

Let there be given a certain functignR" —R", for which there exists differentialfle
inverse functiorg ()7 Let us choose the groupof reference households with income distri-
butionX;, and let us mark witl' = gq(X%,) the income distributioix, of the examined grouip
of households transformed with the functo@d/h, r= 1,2,...,H, Er. The welfare distribution
of the transformed income distributiofiwill be described with the random variat\ig =
b(Y).

Definition. The functiorg(x) will be calledstochastic equivalence scale (SE&nd only if
for eachh,r =1,2,...,H, h#r:

W, = W, (14b)
or equivalently:

Y =q(%) =X (14a)
for the establisheBF b(x) where indexh denotes the analyzed group of households, while
denotes the group of reference households.

In other words,SEStransforms the income distribution of the analyzgdup of
households Xy into the income distribution of the group of reflece households<{). The

equation (14b) shows that after the transformadi@yithe income distribution in the analyzed

8 Differentiability g*([)is supposed to assure the uniqueness of tranafioms of random variables.



group of households is the same as the welfaraldisbn in the group of reference house-
holds.

Let us by the way notice that the above-mentiorefthiion does not specify any par-
ticular parametric or non-parametric form SESq(x). It indicates that every functiog(x)
with the properties such as those specified byniifih 1 might be recognized &ES’.

The empirical verification of that whether the givieinctionq(x) might be recognized
asSESis very simple and is based on statistical tegtvof distributions equality, e.g. of Ko-
lomogorov-SmirnovK-S.  In order to do that, we divide the whole samplancomes of
households (x...,x,) into H groups according to the accepted criterion, dng.size of the
household. Let (X...,x') denotes the k-element sample of reference holdshiocomes
and (%",....xn") the m-element sample of the households’ incontesn fthe exam-
ined/analysed groulp, r,h = 1,...,H, £ h. We transform now the values of the incomes of the
analysed group of households with the functiongy(J/ i.e. we calculatey; = gn(x"),
i=1,....m.If F(x) andFy(x) are cumulative distribution functions of, respeelyy distribu-
tion X, 1Y, then we verify the hypothesissH-(x) = Fy(x) against the alternative hypothesis
Hi: Fi(X)}# Fy(x). If the K-Stest does not reject the null hypothesis tHen we can recognize
the function to be&SES The null hypothesis §testing is repeated for the consecutive groups
of household$ and the functiomy(x), h,r =1,...,H, B r.

The aforementioned procedure we may be enhancedeXtvact, as previously, the
observations of reference group incomes. The ranwiobservations are transformed with
the functiongy(x) for each h-group separately and the transformadesaf incomes obtained
in such a way are joined in one group. Now with tise of thek-S test we compare the in-
come distribution of the reference group with theoime distributiorY of this joint group. If
the test does not reject the null hypothesis dfitigions equality in both groups, then the
family {gn(X)} n=1,... 1 Of transforming functions might be recognise &S

Transforming functionsgj(x), which as a result of testing have been recogras&ES
do not have to be of parametric form. These mightdo example certain constants, let us say
On, treated as ‘deflators’ of h-group incomes. Theusege §;,...,g4) of such deflators might
be then approximated with the selected functiorn witcertain number of parameters, which
arguments might be variables, serving as a divisrgarion of households intd groups, e.g.
the number of members, the number of adults arldrehi, etc. In the next section, empirical
examples illustrating the discussed method of ig BESwill be presented.

® Particularly the role dBESmight be performed by the Ebert and Moyes (1998)siorming function, only if it
has differentiable reverse function.



4. Empirical examples.

4.1. The example of non-parametric equivalence scale

Let us consider a certain, very simple and easynfementSES which can be ob-
tained in the following way. As previously, we die the households into H decomposable
groups and let the indicatorelates to the group of reference households haondhe group
of examined households. Let us mark withandX;, the income distributions of these groups.
Let the mean values in the welfare distributisysandW, corresponding to these two income
distributions be respectively equal @: and /4. Let us introduce the following transforma-
tions of the analysed income distributions:
z :L, Z, = %n (15)

H; Hhy

Let us observe that new random varialdeandZ, no more depend on the average level of
welfare in their grougS. If random variableZ, andz, have the same distribution, i.e. if the

equality holds:

Z =7y (16)
then from (15) and (16) the equality follows:
X, = (17)
:uh/:ur

The functionq()/in the form (17) might be such a candidateS&Swhich ensures the equal-
ity of the mean values in welfare distribution.

For the purpose of estimating the deflgtat; let us call the above-analysed parallel
between the average valpg in the welfare distribution (2) and the utilitarigocial welfare
U (3). The valueu tends to be described within the individualisticgzhgm by means of the
Abbreviated Social Welfare FunctigASWF).If by ¢ we mark the average income and®y

Gini coefficient, then the followindSWFu might be accepted as the approximajign

u =41-G) (18)
[c.f. Sen (1973), p. 33],
- H
u= 146G (19)

[c.f. Kwakani (1986), p. 200]. As the approximatioiy4, also the equally distributed equiva-
lent incomew, might be accepted [c.f. Atkinson (1970)].

1%1n a similar way we compare the variability intdisutions differentiating in the average level,amwe use
variation coefficientd/ = D(X)/E[X].



If we decide to acce@8SWFin the form of (18), the deflator estimajay i+ will have

the following form:

Hn _ %(1=Gy)
4 x(1-G,)

where x, and G together withk, andG, are the average value and the Gini coefficieraes

(20)

tively in the group andh of households.
In order to verify whether the transformation (irvjhe form:
— — Xh(l_Gh )

Y—Q(Xh)—xh/m (21)
might be recognized &8ES each income value of the grobphouseholds is divided by the
deflator (20) and then the hypothesis about thel@gwf the obtained in such a way distribu-
tion Y and the distributiorX; in the group of reference househotds tested. If the test (e.g.
K-S does not reject our hypothesis, the function (@ight be recognized &&ES.The above
procedure is repeated for &llgroups of households (apart from the grougf course).
Example 1. Let us assume that the incoXes formulated by means of households expendi-
tures. On the basis of Polish HBS 2000, nine grafpgsouseholds have been distinguished
due to the number of members. Let the referencepgbe single-person households. In table
1 there are the estimates of mean income, Ginificaaft and deflator value (20) presented.
There are also placed the values of Kolmogorov-8oninK-S)testZ and of asymptotic sig-
nificance (two-tailed p-value).

Table 1. The results of calculati®ES(equation 21) an&-S test for the groups of households with different

number of persons

Group | No.of | Mean Gini ASWF | Deflator | Sample | K-S | Asym.Sign.
h persons X G X (1-G) | Eq. (20) size Z (2-tailed)
1 1 990.13| 0.30814 685.034 1.000000 5098
2 2 1644.02] 0.3056]1 1141.591 1.666475 9123 0565 9070.
3 3 1963.22] 0.30679 1360.922 1.986450 7673 0781 5760.
4 4 2125.06| 0.29504 1498.077 2.186467 7784 0J553 9200.
5 5 2144.15( 0.28244 1538.5%3 2.245953 3792 1[022 2480.
6 6 2152.47| 0.26563 1580.711 2.307495 1661 1J113 1680.
7 7 2294.65| 0.28107 1649.695 2.408196 571 0f765 020.6
8 8 2239.32] 0.27697 1619.086 2.363514 285 0f582 880.8

9) 9.69 | 2514.84 0.3063) 1744.549 2.546660 172 0]935 3470.

?) 9 or more persons
Source: Author’s calculations based on micro-dadmfPolish HBS 2000.

The results oK-Stest presented in table 1 prove that the fundfd) might be rec-
ognized asSES The application of the deflator (20) has guaredtthat the transformed in-



come distributions of each group did not diffettistecally significantly from the income dis-
tribution of the reference households group. Thas be confirmed by the level of p-value,
which has exceeded by far the standard significeae 0.05 for each of the analysed groups
of households.

Furthermore, the income distributions of referehoeiseholds have been compared
with the joint distribution of the transformed imme of all the groups (31061 observations).
The value ofK-Stest amounted to 0.523, and p-value was as high%¥, which indicates
that the income distributions of both groups ditl ehiffer statistically significantly.

Figures 1 and 2 display the concept of stochastitvalence scales. In fig.1, the theo-
retical (Dagum) density functions of the distrilmutiof expenditures per household are plotted
for five groups of households. Fig.2 depicts th&tributions of expenditures per equivalent

unit, where the deflator (20) was applied, for shene groups of households.

Fig.1. The distribution of expenditures/household
for various household size.
(Dagum density functions, Polish HBS, 2000)
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Fig.2. The distribution of expenditures/equiv.unit
(deflator (20)) for various household size.
) (Dagum density function, Polish HBS, 2000)
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The above figures infer that the non-parametrictastic equivalence scale with the deflator
(20) functions perfectly: the resulting distributoof expenditures (after adjustment) are al-
most undistinguishable from the distribution of théerence (single-member) households.
Example 2. In this example the whole population of housdbalas divided into 25 groups
with regard to the number of adults and childreadalgss than 18. Single-person households
were adopted as the reference group. The evaluasuits of the deflator (20) and the values

of K-Stest are presented in table 2.

Table 2. The results of calculati®fES(equation 21) and the-Stest for the groups of households with different
number of adults and children

Group | Group | No. of [ No.of | Mean | Gini ASWEF | Deflator | Sample| K-S | Asym.Sign.
h code | adults | children X G X (1-G) | Eq. (20)| size z (2-tailed)
10 1 0 990.13 0.3081#  685.034 1.000Q00 5098 - -

2 11 1 1 1416.34 0.3081L  979.982 1.430360 b96 1j034 .2360
3 12 1 2 1377.19 0.2752B 998.07Y8 1.456977 B10 0}596 0.936

4 13 1 3.53 1432.32 0.24423 1082.50p2 1.580218 177610.8 0.449
5 20 2 0 1659.94 0.30483 1153.988 1.684499 8627 01519 0.950

6 21 2 1 1971.84 0.31494 1350.8%5 1.971955 3884 0}7900.560

7 22 2 2 2083.63 0.29874 1461.163 2.132980 4p05 0[692 0.724

8 23 2 3 1963.20 0.2800B 1413.343 2.063174 1476 11217 0.103

9 24 2 4 1847.579 0.2474B 1390.382 2.029%83 133 1[440 0.032
10 25 2 5.69 1812.60 0.25770 1345.489 1.964]121 2261209 0.376
11 30 3 0 2005.77 0.2952[ 1413.529 2.063445 3479 01836 0.487
12 31 3 1 2162.58 0.28758 1540.663 2.249033 2136 01574 0.897
13 32 3 2 2112.47 0.2718D 1538.301 2.245%85 1049 11169 0.130
14 33 3 3 2019.74 0.2431B 1528.580 2.231395 B50 1{025 0.244
15 34 3 4.71 1986.38 0.24472 1500.2[/6 2.190077 180761.0 0.197
16 40 4 0 2243.52 0.2897Pp 1593.3f3 2.325978 1p16 0}769 0.596
17 41 4 1 2356.47 0.2781p 1700.993 2.483(080 P57 0]679 0.745
18 42 4 2 2301.93 0.2652p 1691.3p3 2.468964 550 0}767 0.599
19 43 4 3.5 235296 0.26855 1721.0f3 2.512893 P37 41106 0.208
20 50 5 0 2556.63 0.2788¢4 1843.783 2.691449 P81 0{828 0.499
21 51 5 1 2491.00 0.2701B 1817.981 2.653857 P51 0{603 0.860
22 52 5 2.53 2511.80 0.23567 1919.847 2.8025%59 1913309 0.349
23 60 6 0 2380.0 0.2858P 1699.796 2.481333 68 0{735 .6530
24 61 6 1.95 2979.59 0.32889 1999.685 2.919032 131540.8 0.459
25 77 7.18 1.98 3278.90 0.31079 2259.849 3.298888 54490 0.988

") The differences between the compared distribatame significant statistically (at 0.05 significarievel)
Source: Author’s calculations based on micro-dadenfPolish HBS 2000.

The results of th&-Stest presented in table 2 prove that the defl@@y meets all the
requirements o8ESalso in the case of dividing households into geoap the basis of more
complex criterion than the previous division. Alicome distributions transformed with the
deflator (20) did not differ statistically signiatly from the income distribution of the refer-
ence households. The only exception was in the aageoup 9 households (2 adults, 4 chil-
dren).

In addition to the comparison in pairs betweentthasformed income distribution of
each group and the income distribution of the mfee households, the latter distribution was
compared with the distribution of all the transfeanincome together. The valdeof the sta-

10



tistics K-Swas equal to 0.704, while the p-value equal to ®.&dceeded the critical signifi-
cance level 0.05. This indicates that the distrdsubf income transformed by means of the
deflator (20) did not differ statistically signifiatly from the income distribution of the refer-
ence households.

The non-parametriSESapplied here is particularly simple and easy to lesnpTo
convert the income of the examined household gtougne income of the reference house-
holds, it is sufficient to use the deflator in thoem of the quotient of the examined house-
holdsASWFand the reference househoRSWF.

4.2. The examples of the parametric equivalence scales

The stochastic equivalence scales can also be ssquteén the parametric form. Fur-
thermore, the parameter estimation of such scalaso possible.

The practice uses various parametric deflatoraslthe criterion of households divi-
sion only the number of membédrss chosen, then the income of the examined holgefo
is converted to the income of reference houseMlplaiccording to the following equivalence
scale:

X, =2
r hg’

0<e<1 (22)

[c.f. Buhmann et al., (1988)]. The parametef the scale (22) is determined in an arbitrary
way.

Using theSESconcept, the parameteroccurring in the deflator forr? can be very
easily estimated. If witd, we denote the non-parametric evaluation of th&attef(20) for an
h-person household, then having the sequence of #nedeations foh=1,2,...,Hthe pa-
rametere can be estimated by means of the following modelawi-linear regression:

D=h+U (23)
whereU is the random term with the null mathematical expon and the varianag?.

Using the deflator values presented in table Was estimated accepting square loss
function. The evaluatiorr= 0.451619 was obtained with the standard deviatiqual to
0.020678. The 95% confidence interval for this peeter was equal to (0.403936, 0.499302).
Residual sum of squares obtained the value of 6 4B®0. The participation of explained
variance was equal to 0.76148 € 0.87263.

In fig. 3 there is depicted the graphdafvalues, observed and expected by the model

(23). Figure 3 shows that the power equivalenckesi@es not very well fit the empirical val-

11



ues of the deflator. It definitely overestimatessi values for very big households and under-

estimates for the remaining households.

3.0

dh =h 0.451619

Fig.3. The deflator of the power equivalence scale
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Fortunately, we are in such a convenient situati@t we may experiment with any

parametric forms of deflator and choose the bestfosm the point of view of the goodness

of fit criterion. In table 3 there are comparedethiadditional deflator forms and the evalua-

tions of their parameters. Moreover, there are gplesented the elasticities of equivalence

scales in relation to the number of persons inusébold™.

Table 3. Parametric relative equivalence scaledtaidestimates obtained with Nonlinear LSM

No. | The form Elasticity Estimates Standarfl 95% Confidence | Residual| Fraction of
of the of the scale error interval Sum explained
deflatord, Lower Upper of variance
limit limt | Squares| (R
1 h® -& 0.451619 0.020678 0.403936 0.499302 0.439510 0g7614
&
2 | 1+&idg(h) B 0.733215 0.026931 0.671113 0.795318 0.131p73  09928%
1+¢€log(h)
i &
3 1+(h-1 - Z 0.175697 0.032158 0.122294 0.229101 0.14460  0€xR21y
( ) ( h _1)1 £ + h _1
_ '8
4 | 1epnaay | gy y=0.767107| 0.042451| 0.666721 0.8674&80.028451 0.984560
(h=1)"¢ + y(h-1) | £=0.327258| 0.033055| 0.24909¢ 0.405430

Source: Author’s calculations based on the datanffbable 2

The power equivalence scale with the defldéifoo 1 in table 3) has constant elastic-

ity in relation to the size of the householdThe remaining equivalence scales (with deflators

no 2, 3 and 4 in table 3) are characterized byabégielasticity.

1 The elasticity of relative equivalence scgle x/d, whered, is the deflator, was calculated in accordance

with the formula:(dy/oh): y/h.
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Table 3 infers that the equivalence scales, altendor (22), provide a much better
consistency with empirical values. Special attensbould be paid to the equivalence scale
no 4 with the two-parameter deflator in the formdgtl+ yf{h-1)°. The parametey of this
scale can be interpreted as the weight assignétketfirst additional person in a household.
The adjustment of this deflator to the empiricabda illustrated by fig. 4.

Fig.4. Two-parametr deflator
dy, =1+(0.766738)*(h-1)0-354661

3.0
28} ® 4
261
241
22F

20

Deflator d,

18r

16

14r

1.2¢

1.0F

0.8

Household size h

It is visible in fig. 4 that the deflator of the dwparameter equivalence scale approxi-
mates the empirical values much better than werebden the case of the power equivalence
scale in fig. 1.The fact that the two-parameterivaance scale has variable elasticity with
regard to the sizk of the household does not constitute any hindrasdhis elasticity might

be easily calculated. This is illustrated by fig. 5

Fig.5. The elasticity of the two-parameter equivalence scale

Elasticity

0.00 —

-0.05 —

-0.10 —

015 x x x | x x | |

2 3 4 5 6 7 8 9 10
Household size h

The following example will illustrate the applicati of the parametriSESIn the case
when the diversification of the household needsxigressed by the number of adwdtand

the number of childrek. In practice, the following equivalence scalesapplied:
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Coutler and Katz scale (19923 b(pr.CK):

and the so-called OECD scale:

Xh
(a+ oK)

X

X =
"1+ p(a-1)+ 0k

The parameters of these scales are set arbitrarily.

Being in possession of the deflator (20) evaluatipresented in table 1, we can esti-

mate the unknown values of these scales paramdteesresults of the estimation are pre-

sented in table 4.

(24)

(25)

Table 4. The estimates of the Cutler-Katz, OECD,taeccombined OECD-Coutler-Katz equivalence scales
obtained by Nonlinear LSM

Equivalence The form Estimate Standard| 95% Confidence interval| Residual | Fraction of
scale of the deflator, error Lower limit | Upper limit Sum explained
of Squares| variance
(R)
0=0.347059| 0.059814 0.223324 0.470794
- £
Coutler-Katz (a +aky £20.580134| 0.014336 | 0.550478| 0.609799 O-/'7064 | 0876602
y=0.367624| 0.021745 0.322641 0.412607
OFECD LAa-DYOR | 5 150376| 0.025134| 0.100382| 0204369 1024916 | 0.757879
y=0.639066| 0.067678 0.498710 0.779423
Combined )
OECD-Coutler-| 1+[Xa-1)+dK]® | 8=0.107752| 0.025016 0.055871 0.159632 0.334143 0.946946
Katz £=0.513963| 0.048793 | 0.412773| 0.615154

Source: Author’s calculations based on the datanffbable 2

The parameter evaluations of t@eK scale indicate that the “cost” of a child consti-
tutes around 35% of the expenditure of an adule @lasticitye of this scale with regard to
the “effective household size” is equal to 0.5&r#{ore, it is greater than the value 0.45,
which was obtained previously for the power scal?),(thus in the case when the cost of a
child is considered equal to the cost of an adult.

The obtained parameter evaluations of the OECDedtiffer significantly from those
commonly applied in practice. Let us remind thattfos scale the arbitrary valugs: 0.7 and
0 = 0.5 are accepted, while in the case of the #eecaugmented OECBcaley is set at the
level of 0.5 and at the level of 0.3. The results in table 4 alstidate that th€-K equiva-
lence scale much better approximates the emputatal than the OECD scale does.

An attempt was made to create a scale “combinext fhe OECD scale and tiieK
scale (abbr.OECD-C-K), i.e. the equivalence scale with the deflatormfoild=1+[ {a-

1)+ oK) ®. This new, three-parametric equivalence scaleigesvmuch better fit to the empiri-
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cal data than the both scales separately. [TOlBED-C-K scale the parametgris the scale
assigned to each additional adult person (as irOIBED scale), whereas the paramelés
the weight assigned to a child and representsdbkieat a child as the fraction of the expendi-
ture of an adult. In this new scale the effectivze ®f the household is depicted in the fdrm
with the surplus of an additional adult and a claitttled. The parameterreflects here the
scale elasticity in relation to this “surplus” effere size of the household.

The evaluation of the parametgrin the newOECD-C-K scale equals 0.64 and is
much greater than the one obtained for the OECI2.sCGa the other hand, the expenditure of
a child constitutes here about 11% of the experalitf an additional adult person. The
evaluation of the parameterof the OECD-C-K scale was equal to 0.51; therefore, it was

smaller than the value of 0.58 in tBeK scale.

4.3. The influence of the equivalence scales on theincome distribution

Let us finally examine the problem of how selectihg form of equivalence scale in-
fluences the expenditures distribution paramefiérs.evaluations of the basic statistics for all
the equivalence scales discussed above are digplayable 5. In addition to the equivalence
scales based on tl8ESconcept, in table 5 there are also presentedahey of statistics in

the distribution of expenditures per person.

Table 5. Descriptive statistics for the distributmfrexpenditures adjusted by non-parametric andrpetricSES

No. Deflator Description Mean \ Skew- | Kur- Gini ASWF=X (1-G)

ness | toss Value | % dev.”
1 h Per capita 574.80| .81180 6.61 117.7 .34103 378.y7 44.71

2 Eq. 20V Nonparametric 971.12 | .68953 5.58 69.53 | .29467 | 684.96 0.01

3 Eq. 207 Nonparametric 965.96 | .68345 | 5.73 74.20 | .29109 | 684.78 0.04
4 h* Power 1105.08| .7008 5.60 68.95 .29872  774.97 13.13
5 1+&fog(h) Logarithmic 1032.39| .69501] 5.60 69.18 .29634  726.46 q.05
6 1+(h-1y Modified power 926.34| .68864 5.48 68.556 .29592  652.22 479

7 1+Kh-1)% Modified power 978.41 | .68895 | 5.51 68.06 | .29507 | 689.72 0.68
8 (a +ok)® Coulter-Katz (C-K)| 1059.89| .6971§ 5.77 7470 .29566 < 746.52 g.98
9 [ 1+0.7(a-1)+0.5k | OECD 760.76| .74883 6.15 90.43 .31602 520.34 24.04
10 | 1+0.5(a-1)+0.3k | OECD augmented 933.84| .7217§ 5.92 79.91 .30518 648.85 §.28
11 | 1+ Ka-1)+oK OECD estimated | 1121.14| .70391 5.78 7498 .29841 786.58 14.82

12 | 1+ Ka-1)+ oK) ® Combined C-K 978.41 | .68763 5.70 74.28 | .29300 | 691.74 0.98

and OECD
Reference households (1 person) 990.13 | .78201 | 8.56 161.61 | .30814 | 685.03 0.0

Y Household selection due to household kitas in Table 1)

2 Household selection due to the number of aduétad childrerk (as in Table 2)

% Relative deviation [%] from 685.028WHFfor reference households), signs omitted
Source: Author’s calculations based on the micrétadeom Polish HBS 2000.
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Let us remark that we accepted the 8&WF,calculated asx (1-G) as the compati-
bility criterion of the distribution transformed byeans ofSESwith the distribution in the
group of reference households. In the last colufmialde 5 there are displayed the values of
percentage deviation of the calculated value ofAtB&/Ffor the given equivalence scale from
the value 685.03 for the distribution of expenseseference households (single person). For
the simplification, the sign of this deviation wamitted. The last column of table 5 infers that
two non-parametriSES provide the greatest consistencyA&WFwith the value 685.03 of
the reference distribution, which is obviously tbensequence of these scales definitions.
Among the parametric equivalence scales the best erfrom the accepted criterion point of
view — occurred to be the modified two-parametexgroscale (no 7 in table 5) and the com-
bination of Coulter-Katz scale with the OECD sqale 12 in table 5).

This observation seems to be significant at leastHe reason that the power scale
distinguished here (no 7 in table 5) is based onlyhe size of the househdidwhile for the
estimation of the combined scaleK-OECD (no 12), two characteristics of a household are
used: the number of aduléssand the number of childrek This implies that the additional
information about the age structure of a housetokbk not contribute in a significant way to
the construction of equivalence scales. Howevas, dbvious that the combined equivalence
scale might be useful in other analyses regardingxXample the costs of a child in a family.

Against the background of the two discussed heuévatence scales, the scales com-
monly applied in practice do not perform well: fn@ver scale either with the parameter 1
(per capita) or the estimated valgeand also the OECD and the Coulter-Katz scalesirfie
plify further comparisons, we accept the statisiticthe distribution obtained by means of the
modified two-parameter power scale (no 7 in Table 5

As we can infer from table 5, in practice the mupgpular scale — thper capita (PC)
scale(no 1) — very much underrates the evaluation ofatferage income, while, on the other
hand, significantly overrates the inequality evélra (Gini). The composition of these two
guantities leads to the very considerable undegatif the average welfare, measured here
with SenASWFE The same applies to the OECD scale. The equicelsoale called the aug-
mented OECD scale occurs to be much better thatwthereviously mentioned scales.

The influence of the equivalence scales on the pppweeasures is depicted in table 6.
As the reference point, like previously, the evabres of the poverty measures obtained by

means of the modified two-parameter power scalée/(imotable 6) will be accepted.
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Table 6. Poverty measures for the distribution gifezxditures adjusted by non-parametric and pararrfato-
chastic Equivalence Scales. Poverty line = 315 [Rishbsistence level)

No. Deflator Description Head- Mean Poverty | Per-capita P,
count | among poor gap poverty gap
1 h Per capita 0.24771 234.52 0.2555D 0.06329 0.02352
2 Eq. 2¢ Nonparametric 0.02195 261.47 0.16998 0.00373 0.00306
3 Eq. 20 Nonparametric 0.02133 263.18 0.1645p 0.00351 0.00Q99
4 h® Power 0.01215 262.30 0.1673p 0.00203 0.00Q59
5 1+¢&log(h) Logarithmic 0.01616 261.35 0.1703B 0.00275 0.00Q79
6 1+(h-1f Modified power 0.02878 259.21 0.1771p 0.00510 0.00149
7 1+ Kh-1) Modified power 0.02168 261.24 0.1706) 0.00370] 0.00306
8 (a +0K)* Coulter-Katz 0.01416 264.18 0.1613p 0.00228 0.00Q65
9 [ 1+0.7(a-1)+0.5k| OECD 0.08495 254.08 0.1933p 0.01643 0.005406
10 | 1+0.5(a-1)+0.3k| OECD augmenteld0.03068 261.64 0.1693B 0.00520] 0.00148
11 | 1+Ka-1)+olk OECD estimated | 0.01097 263.54 0.1633B 0.00179 0.00Q52
12 | 14 fa-1)+0K]°* | C-K-OECD 0.02105 262.86 0.1655B8 0.00348 0.00Q99
Reference households (1 person) 0.02668 258.41 0.17966 0.00479 0.00150

Y Household selection due to the householdsigs in Table 1)
% Household selection due to the number of aduétad childrerk (as in Table 2)
Source: Author's calculations based on micro-datanf Polish HBS 2000.

The PC scale (no 1 in table 6) drastically overratesdkaluations of all the relative
poverty indices. Head-count Ratio calculated by mseaf thePC scale is more than eleven
times greater than the value calculated on theshmghe reference scale 7. Overrating of the
P, by means of th@C scale is even greater (more than twenty-two timasa similar way,
although in a lesser extent, the OECD scale funstidheAugmented OEC[2quivalence
scale appears to be much more precise than thpreviously mentioned scales.

It is obvious that the above observations cannotabdeast now, generalised. The
comparative analysis of equivalence scales deplateel concerned only the income distribu-
tion (measured in expenditures) in Poland in 20@0draw conclusions of a general nature, it
is required to conduct the comparative studiesnobme distribution of many countries and

for many years.

5. Final conclusions.

The holistic paradigm of welfare economics offemwnvnresearch possibilities, un-
reachable in the individualistic paradigm. The @aptoof the stochastic equivalence scales is
one, although not the only one, of such possiediti’Axiomatic” formulation ofSESis very
general. It does not specify one definite form wéls scale, but defines the properties, which

should be possessed by a certain funafier), in order to be recognized &&S.To solve this
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problem, it is sufficient to apply the statisti¢akt of two distributions equality. It should be
emphasised th&ESare not arbitrary in such sense that they haverétieal bases in the sto-
chastic paradigm proposed by the authors.

The application o6ESIs in practice very simple. What might appear églarticularly
useful are the deflators created by mean8®#VF , e.g. the deflator of (20) type, based on
SenASWE.For this purpose, households have to be dividedgnbups using the criterion of
need diversification chosen by the researchergtbep of reference households has to be
selected, the value &SWFfor each group has to be calculated, and theratdefhas to be
calculated by dividing these values by the valu&ASWFof the reference group. Next we
divide the incomes of households in each of theusgpd group by the deflator calculated for
this group.

Let us notice that many criteria for diversifyingeus of a household are possible. We
may divide households into homogeneous groupsdakio account for example the number
of members, their age (including several age grafighildren, elderly persons, etc.), sex, or
socio-occupational characteristics of the househeltl. The territorial and temporal diversi-
fication of households is also possible. The ainthefresearch always determines the choice
of the particular criterion.

Non-parametric estimation of the values of deflatmight give grounds to parametric
modelling of equivalence scales. The empirical eplaspresented in the present paper show
the possibilities of applying many parametric foroisuch scales.

In the present paper we did rextpliciteuse the welfare distribution. We only used the
mean value approximation in this distribution byame ofASWF.In the papers of Kot (2002,
2003, 2004) we obtained the evaluations of parametepower equivalence scales and the

Coulter-Katz scale on the basis of evaluations @lfave distribution parameters.
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