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Abstract 

 

 

This paper examines the evolution of inequality in the three South Caucasian and in four Central Asian 

countries, using an aggregate index based on consumer durables available to the households. Instead of 

using principal components analysis to aggregate asset indicators into an overall asset index, we propose an 

ordinal approach to using data on assets, when estimating the wealth of a household (or individual). Using 

two different approaches, item response theory and the concept of “order of acquisition of durable goods” 

we show that there tends to be an order of acquisition of assets. On the basis of such an order we then 

compute indices introduced recently to measure inequality and welfare when only ordinal variables are 

available.  

Our empirical analysis is based on the Life in Transition Survey for the years 2006, 2010 and 2016, which 

cover Armenia, Azerbaijan, Georgia, Kazakhstan, Kyrgyzstan, Tajikistan and Uzbekistan. As far as 

inequality is concerned, it appears that while during the first sub-period (2006-2010) inequality increased 

in some countries and decreased in some others, during the second sub-period (2010-2016) inequality 

increased in all countries. We also observed that there was important growth in both sub-periods and that 

this growth was sufficiently strong to counteract the impact of an increase in inequality in those sub-periods 

and countries where inequality increased. In other words not only was growth important during this period 

2006-2016; so was also the increase in welfare. 

 

 

 

J.E.L. Classification: D31 – I31 

 

 

Key Words: asset indices - Item Response Theory - order of acquisition of durables goods – ordinal 

inequality - welfare 
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1. Introduction: Economic Growth and Inequality in the three South Caucasus countries and in 

Kazakhstan, Kyrgyzstan, Tajikistan and Uzbekistan 

 

In 1991, following the fall of communism in the former Soviet Union, the countries in the South Caucasus 

and Central Asia, who had become independent, started their transition from central planning to market 

economies. The last decade of the twentieth century was characterized by a strong recession. As mentioned 

by Ganiev (2019), this contraction in economic activity was related to the breakdown of trade links among 

the former Soviet Republics, high inflation rates, the disappearance of many state-owned enterprises and 

for some of these countries to armed conflicts. It is only during the period 2000-2014 that these countries 

enjoyed a strong economic performance. While important inflows of foreign direct investment into natural 

resources, as well as an increase in commodity exports, were the main determinants of growth in Azerbaijan 

and Kazakhstan which are resource-rich countries, growth in Armenia, Kyrgyzstan and Tajikistan was 

related to important remittances from migrant workers. After 2014 the sharp drop in international 

commodity prices as well as a much slower growth in partner countries, such as the Russian Federation, 

significantly reduced growth in the seven countries of the South Caucasus and Central Asia which are the 

focus of the present study1. 

Despite the diversity of these seven countries, it is important to stress that they share a certain number of 

common features: they have all a relatively strong dependence on the economy of the Russian Federation 

and they all had to implement a transition from planned to market economies.  Capannelli and Kanbur 

(2019a; 2019b) also stress that in all these countries the share in the economy of low-productivity agriculture 

and low-productivity of self-employment and informality were high, cross-border labor migration, in 

particular to the Russian federation, was important, spatial disparity in standards of living was significant. 

In addition there was a small market for non-resource production and employment was the main source of 

income. Moreover these countries have a relatively small population and include vast mountain or desert 

areas. Their economies are not very diversified, the private sector is still limited and social protection 

schemes are quite generous, an inheritance from the Soviet Union2. 

Despite these common characteristics there were important difference between these countries in per capita 

GDP, the latter being equal to $3180 in Tajikistan but $17398 in Azerbaijan (PPP$) in 2017. As stressed by 

Kanbur and Zhuang (2019), income inequality rose a lot, especially during the last decade of the twentieth 

                                                 
1 We did not include Turkmenistan, one of the Central Asian countries, in our analysis because it did not participate in all the 

Life in Transition Surveys.  
2 For a detailed study of Central Asian countries, see, Pomfret (2019). 
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century: in 2000 the Gini index, based on consumption data, was thus equal to 0.4 in Georgia, 0.36 in 

Kazakhstan and Uzbekistan, 0.35 in Armenia, 0.34 in Azerbaijan, 0.31 in Kyrgyzstan and 0.26 in Tajikistan.   

While the previous data on the standard of living in these seven countries was based on per capita GDP 

while those on inequality were derived from consumption data, the present paper proposes an alternative 

method to measure standards of living, inequality and welfare. The idea is to adopt the asset approach to 

standards of living but while most studies taking such an approach use principal components analysis, we 

suggest using either item response theory or the concept of “order of acquisition of durable goods”, a notion 

that was introduced by Paroush (1965; 1973). These two approaches emphasize the idea that there exists a 

most common order of acquisition of assets, so that we will be able to derive measures of inequality and 

welfare from the distribution of the individuals (households) along the most common path of asset 

acquisition. The paper is organized as follows. Section 2 describes shortly the asset approach to measuring 

standards of living. Section 3 summarizes the recent literature on ordinal inequality indices and on 

inequality-sensitive and additive achievement measures (welfare measures). Section 4 describes the data 

base and presents the empirical results of our investigation while Section 5 gives concluding comments. 

 

2. Assets and the measurement of standards of living 

 

It is well known that consumption is a better indicator of standard of living than income, among other 

reasons, first because consumption surveys have generally less missing values than income surveys, second 

because they are less subject to under- or over-reporting. Since consumption is a function of wealth 

(Modigliani and Brumberg, 1954; Friedman, 1957; Ando and Modigliani, 1963), and given that assets, in 

particular durable goods, are a reasonable proxy for wealth, Filmer and Pritchett (1999; 2001) suggested 

using information on assets when income or consumption data were not available or not reliable. To 

aggregate information on asset ownership into an overall measure of standard of living, Filmer and Pritchett 

(1999; 2001) used principal components analysis (PCA) and many subsequent studies taking an asset 

approach to the measurement of standards of living used also principal components analysis. This asset 

approach to evaluating standards of living has been applied to many issues (see, Filmer and Scott, 2011, for 

more details) such as inequality in health outcomes (Gwatkin et al., 2000, Bollen et al., 2002), child nutrition 

(Sahn and Stiffel, 2003), socio-economic inequalities in schooling (Ainsworth and Filmer, 2006), poverty 

change (Stifel and Christiaensen, 2007) or targeting public programs (Schady and Araujo, 2006, for 

Ecuador). 
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As mentioned previously, the most popular technique used to measure the standard of living via an asset 

approach is Principal Component Analysis (PCA), the first principal component being assumed to refer to 

the wealth of the households, given that it provides the highest level of discrimination between households.  

Correspondence Analysis (CA) is another approach that may be used to estimate the standard of living. This 

technique was introduced by Benzécri and Benzécri (1972) and it is probably preferable to use it, rather 

than principal components, when the variables are not continuous but categorical.  

Another approach to analyze the ownership of assets is Item Response Theory, the idea being that the latent 

variable uncovered by this approach reflects the economic status of the household. IRT was originally 

introduced to analyze the results of psychometric tests but it has been used, for example, by Das et al. (2004) 

to measure the standard of living of households. 

Finally another technique allowing to estimate the standard of living on the basis of asset data is based on 

the derivation of the most common sequence of acquisition of durable goods. This approach, borrowed from 

scale analysis in psychometrics, was introduced by Paroush (1965; 1973).  

A summary of item response theory and of the Paroush approach is given in Appendix 1. 

The present paper uses this Paroush approach as well as Item Response Theory to derive an aggregate 

measure of the standard of living at the household level. More details on these two approaches are given, 

for example, in Deutsch et al. (2015). 

 

3. Ordinal variables and the measuring of inequality and welfare 

 

Allison and Foster (2004) seem to have been the first to stress that inequality indices, commonly used when 

looking at income distributions, cannot be adopted when analyzing the degree of dispersion of ordinal 

variables, since small variations in the scale used may reverse the ordering of the frequency distributions 

that are being compared (see also, Zheng, 2011).  

Following the work of Allison and Foster (2004), new inequality indices were proposed such as those 

introduced by Abul Naga and Yalcin (2008), Reardon (2009), Lazar and Silber (2013) and Lv, Wang and 

Xu (2015). The exact formulation of these indices is given in Appendix 2. These indices have been shown 

to have a certain number of desirable properties. Lv, Wang and Xu (2015), for example, who derived 

axiomatically two inequality indices when only ordinal variables are available, showed that their indices 

obeyed the axioms of focus, additivity, independence, perfect equality, invariance to simple switches, 

invariance to parallel shifts and polarization (see, Appendix 3, for more details). 

In a recent paper Apouey et al. (2019) extended the work on inequality measurement in the presence of 

ordinal variables by deriving axiomatically inequality-sensitive and additive achievement measures based 
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on ordinal data. The index they introduced, which depends on the distribution of individual achievements, 

is a function of both the average level of achievement in society as well as of the degree of inequality of the 

distribution of achievements. Such a social achievement index was shown to satisfy the properties of 

Normalization, Independence, Weak Pareto Principle, Anonymity, an Equity Principle, and a Proportional 

Equality principle (see, Appendix 4 for the formulation of this achievement index as well as for an intuitive 

interpretation of these properties). Apouey et al. (2019) also showed that by relaxing the equity principle 

one obtained an index whose change over time reflects in fact the extent of pure growth in society. 

 

4. The database and empirical results3 

 

In this paper, we use the Life in Transition Surveys for the years 2006, 2010 and 2016. These surveys were 

conducted by the European Bank for Reconstruction and Development and they provide information on the 

seven countries that are the focus of the present paper: the three countries of South Caucasus, namely 

Armenia, Azerbaijan and Georgia, and four countries in Central Asia: Kazakhstan, Kyrgyzstan, Tajikistan 

and Uzbekistan. 

Data on the following goods or services were available and used:  

Dwelling (1), Access to Tap Water (2), Telephone (3), Access to Gas (4), Car (5), Second House (6), Bank 

Account (7), Computer (8), Access to Internet (9). 

The orders of acquisition of these goods or services are given in Table 1, for all the seven countries and for 

the years 2006, 2010 and 2016, using both the Paroush approach and item response theory. In Uzbekistan, 

for example, in 2006, using the Paroush approach, the good ranked first is the dwelling, the one ranked 

second is the telephone, whereas the eighth rank corresponds to a bank account and the ninth to a computer.  

                                                 
3  Some of the results for the years 2006 and 2010 appear in Deutsch et al. (2017) 
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Table 1: Orders of Acquisition in Armenia, Azerbaijan, Georgia, Kazakhstan, Kyrgyzstan, Tajikistan and Uzbekistan, Based on Different Approaches 

 

Approach Year Country 1 2 3 4 5 6 7 8 9 
Reproducibility 

Index 

Number of 

Observations 

Paroush 

approach 

2006 

Armenia 1 2 3 4 5 8 9 6 7 0.9599 1000 

Azerbaijan 1 3 2 4 5 8 9 6 7 0.9673 1000 

Georgia 1 2 3 4 5 6 9 7 8 0.9418 1000 

Kazakhstan 1 3 2 4 5 9 8 6 7 0.9271 1000 

Kyrgyzstan 1 2 3 4 5 6 9 7 8 0.9494 1000 

Tajikistan 1 2 3 5 4 6 9 7 8 0.9587 1000 

Uzbekistan 1 3 4 2 5 6 9 7 8 0.9593 1000 

2010 

Armenia 2 1 3 4 5 9 8 6 7 0.9522 1000 

Azerbaijan 1 4 2 3 5 9 8 6 7 0.9658 1002 

Georgia 1 3 2 4 7 9 8 5 6 0.9507 1000 

Kazakhstan 1 3 2 4 6 9 8 5 7 0.9289 1000 

Kyrgyzstan 1 3 2 5 4 8 9 6 7 0.9533 1016 

Tajikistan 1 3 2 9 4 6 8 5 7 0.9616 1007 

Uzbekistan 1 4 3 2 5 8 9 6 7 0.9673 1500 

2016 

Armenia 3 2 1 4 7 9 8 5 6 0.9306 1518 

Azerbaijan 1 4 2 3 7 9 8 6 5 0.9705 1504 

Georgia 1 3 2 4 7 9 8 5 6 0.9057 1506 

Kazakhstan 1 3 2 6 7 9 8 4 5 0.8882 1483 

Kyrgyzstan 1 3 2 7 5 9 8 6 4 0.9219 1499 

Tajikistan 1 3 2 9 4 8 7 5 6 0.9370 1486 

Uzbekistan 1 4 2 3 5 9 8 6 7 0.9128 1462 



 

8 
 

Approach Year Country 1 2 3 4 5 6 7 8 9 
Number of 

Observations 

Item response 

theory 

2006 

Armenia 1 2 3 4 5 7 9 6 8 1000 

Azerbaijan 1 3 2 4 5 7 9 6 8 1000 

Georgia 1 2 3 4 5 6 8 7 9 1000 

Kazakhstan 1 3 2 4 5 9 7 6 8 1000 

Kyrgyzstan 1 2 3 5 4 6 8 7 9 1000 

Tajikistan 1 2 3 5 4 6 9 7 8 1000 

Uzbekistan 1 3 4 2 5 6 7 8 9 1000 

2010 

Armenia 1 3 2 4 5 9 8 6 7 1000 

Azerbaijan 1 4 2 3 5 8 9 6 7 1002 

Georgia 1 3 2 4 6 8 9 5 7 1000 

Kazakhstan 1 3 2 4 6 9 8 5 7 1000 

Kyrgyzstan 1 3 2 5 4 7 9 6 8 1016 

Tajikistan 1 3 2 7 4 6 9 5 8 1007 

Uzbekistan 1 4 3 2 5 7 9 6 8 1500 

2016 

Armenia 4 2 1 3 7 9 8 5 6 1518 

Azerbaijan 1 4 2 3 7 9 8 6 5 1504 

Georgia 2 3 1 4 8 9 7 5 6 1506 

Kazakhstan 2 3 1 6 8 9 7 4 5 1483 

Kyrgyzstan 2 3 1 7 5 9 8 6 4 1499 

Tajikistan 1 3 2 9 4 8 7 5 6 1486 

Uzbekistan 2 4 1 3 5 9 7 6 8 1462 
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Table 2a gives then the rank correlations between the countries for the year 2006, for each of the two 

approaches. Table 2b does the same for the year 2010 and Table 2c for the year 2016.  

 

Table 2a: Between Countries Rank Correlations in 2006, Derived from Table 1 

 

  Armenia Azerbaijan Georgia Kazakhstan Kyrgyzstan Tajikistan Uzbekistan 

Paroush 

Approach 

Armenia 1.0000 0.9833 0.9500 0.9667 0.9500 0.9333 0.9000 

Azerbaijan 0.9833 1.0000 0.9333 0.9833 0.9333 0.9167 0.8833 

Georgia 0.9500 0.9333 1.0000 0.8833 1.0000 0.9833 0.9500 

Kazakhstan 0.9667 0.9833 0.8833 1.0000 0.8833 0.8667 0.8333 

Kyrgyzstan 0.9500 0.9333 1.0000 0.8833 1.0000 0.9833 0.9500 

Tajikistan 0.9333 0.9167 0.9833 0.8667 0.9833 1.0000 0.9000 

Uzbekistan 0.9000 0.8833 0.9500 0.8333 0.9500 0.9000 1.0000 

Item response 

theory 

Armenia 1.0000 0.9833 0.9667 0.9167 0.9500 0.9667 0.8667 

Azerbaijan 0.9833 1.0000 0.9500 0.9333 0.9333 0.9500 0.8500 

Georgia 0.9667 0.9500 1.0000 0.8833 0.9833 0.9667 0.9333 

Kazakhstan 0.9167 0.9333 0.8833 1.0000 0.8667 0.8500 0.8167 

Kyrgyzstan 0.9500 0.9333 0.9833 0.8667 1.0000 0.9833 0.8833 

Tajikistan 0.9667 0.9500 0.9667 0.8500 0.9833 1.0000 0.8500 

Uzbekistan 0.8667 0.8500 0.9333 0.8167 0.8833 0.8500 1.0000 

 
Note: Between countries rank correlations are calculated using results presented in Table 1 for the Paroush approach and item 

response theory. 
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Table 2b: Between Countries Rank Correlations in 2010, Derived from Table 1 

 

    Armenia Azerbaijan Georgia Kazakhstan Kyrgyzstan Tajikistan Uzbekistan 

Paroush 

Approach 

Armenia 1.0000 0.9000 0.9000 0.9333 0.9167 0.6500 0.8667 

Azerbaijan 0.9000 1.0000 0.9333 0.9667 0.9333 0.6000 0.9667 

Georgia 0.9000 0.9333 1.0000 0.9833 0.8833 0.6333 0.8833 

Kazakhstan 0.9333 0.9667 0.9833 1.0000 0.9333 0.6833 0.9167 

Kyrgyzstan 0.9167 0.9333 0.8833 0.9333 1.0000 0.8167 0.9000 

Tajikistan 0.6500 0.6000 0.6333 0.6833 0.8167 1.0000 0.5167 

Uzbekistan 0.8667 0.9667 0.8833 0.9167 0.9000 0.5167 1.0000 

Item response 

theory 

Armenia 1.0000 0.9667 0.9667 0.9833 0.9333 0.8167 0.9000 

Azerbaijan 0.9667 1.0000 0.9667 0.9500 0.9333 0.8000 0.9667 

Georgia 0.9667 0.9667 1.0000 0.9833 0.9333 0.8500 0.9167 

Kazakhstan 0.9833 0.9500 0.9833 1.0000 0.9000 0.8000 0.8833 

Kyrgyzstan 0.9333 0.9333 0.9333 0.9000 1.0000 0.9500 0.9000 

Tajikistan 0.8167 0.8000 0.8500 0.8000 0.9500 1.0000 0.7500 

Uzbekistan 0.9000 0.9667 0.9167 0.8833 0.9000 0.7500 1.0000 

 
Note: Between countries rank correlations are calculated using results presented in Table 1 for the Paroush approach and item 

response theory. 
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Table 2c: Between Countries Rank Correlations in 2016, Derived from Table 1 

 

    Armenia Azerbaijan Georgia Kazakhstan Kyrgyzstan Tajikistan Uzbekistan 

Paroush 

Approach 

Armenia 1.0000 0.9000 0.9500 0.9000 0.8000 0.6500 0.8667 

Azerbaijan 0.9000 1.0000 0.9667 0.8833 0.8167 0.5833 0.9333 

Georgia 0.9500 0.9667 1.0000 0.9500 0.8500 0.7000 0.9333 

Kazakhstan 0.9000 0.8833 0.9500 1.0000 0.9167 0.8167 0.8167 

Kyrgyzstan 0.8000 0.8167 0.8500 0.9167 1.0000 0.9000 0.7833 

Tajikistan 0.6500 0.5833 0.7000 0.8167 0.9000 1.0000 0.6500 

Uzbekistan 0.8667 0.9333 0.9333 0.8167 0.7833 0.6500 1.0000 

Item response 

theory 

Armenia 1.0000 0.8667 0.9333 0.8500 0.7500 0.5167 0.8500 

Azerbaijan 0.8667 1.0000 0.9333 0.8500 0.8000 0.5833 0.8667 

Georgia 0.9333 0.9333 1.0000 0.9500 0.8000 0.6333 0.8667 

Kazakhstan 0.8500 0.8500 0.9500 1.0000 0.8667 0.7500 0.7333 

Kyrgyzstan 0.7500 0.8000 0.8000 0.8667 1.0000 0.8833 0.7167 

Tajikistan 0.5167 0.5833 0.6333 0.7500 0.8833 1.0000 0.6167 

Uzbekistan 0.8500 0.8667 0.8667 0.7333 0.7167 0.6167 1.0000 

 
Note: Between countries rank correlations are calculated using results presented in Table 1 for the Paroush approach and item 

response theory. 

 

It appears that, in most cases, these correlations are quite high (generally well above 0.7 or 0.8). 

The rank correlations between the different approaches for each country and year are presented in Table 3. 

Here also the correlations between the two approaches, for a given year, are generally high, whatever the 

country analyzed. 

In Table 4, we give, separately for each approach and country, the correlations between the rankings 

observed in 2006 and 2010, 2006 and 2016, and 2010 and 2016.  Here also the correlations are high.
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Table 3: Rank Correlations Between the Two Approaches in 2006, 2010 and 2016 

 

Year Country 

Rank correlation between 

the Paroush approach and 

the item response theory 

2006 

Armenia 0.9833 

Azerbaijan 0.9833 

Georgia 0.9833 

Kazakhstan 0.9833 

Kyrgyzstan 0.9667 

Tajikistan 1.0000 

Uzbekistan 0.9500 

2010 

Armenia 0.9500 

Azerbaijan 0.9833 

Georgia 0.9667 

Kazakhstan 1.0000 

Kyrgyzstan 0.9833 

Tajikistan 0.9500 

Uzbekistan 0.9833 

2016 

Armenia 0.9833 

Azerbaijan 1.0000 

Georgia 0.9667 

Kazakhstan 0.9667 

Kyrgyzstan 0.9833 

Tajikistan 1.0000 

Uzbekistan 0.9667 
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Table 4: Rank Correlations Between the Orders of Acquisition Observed in 2006, 2010 and 2016 

 

Country Order Rank correlation 

between the orders 

observed in 2006 and 

2010 

Rank correlation 

between the 

orders observed in 

2006 and 2016  

Rank correlation 

between the orders 

observed in 2010 and 

2016 

Armenia    Paroush 0.9667 0.8667 0.9000 

Armenia    IRT     0.9333 0.7667 0.8500 

Azerbaijan Paroush 0.9667 0.9000 0.9333 

Azerbaijan IRT     0.9667 0.8333 0.9167 

Georgia    Paroush 0.8000 0.8000 1.0000 

Georgia    IRT     0.8667 0.6833 0.9000 

Kazakhstan Paroush 0.9833 0.8667 0.9167 

Kazakhstan IRT     0.9667 0.7667 0.8667 

Kyrgyzstan Paroush 0.9167 0.6833 0.8667 

Kyrgyzstan IRT     0.9500 0.6167 0.7667 

Tajikistan Paroush 0.8000 0.7167 0.9500 

Tajikistan IRT     0.9167 0.7167 0.8667 

Uzbekistan Paroush 0.9333 0.8500 0.9667 

Uzbekistan IRT     0.9000 0.7833 0.8833 

 

In Table 5, we give, for the approach of Paroush4, the cumulative percentages of individuals having zero, 

one, two, …, nine goods or services. This Table shows clearly that in the Caucasus wealth increased over 

time, since the percentage of individuals without any goods or services decreased over time, becoming nil 

for some countries already in 2010. We also observe that the cumulative percentage of the individuals 

having eight out of the nine goods decreased generally over time, indicating that the percentage of 

individuals having all the nine goods increased over time. 

For the four countries of Central Asia, the story is different, since in Kazakhstan, Kyrgyzstan and Tajikistan 

there was no one without any of the goods and services in 2006, while the percentage of these individuals 

was positive in 2006 and 2010. In Uzbekistan, on the contrary, the percentage of individuals without any 

good or service was positive in 2006 but nil in 2010 and 2016. We also observe that the cumulative 

percentage of individuals with eight goods decreased over time in Kazakhstan and Kyrgyzstan, did not 

change in Tajikistan since it was 100% in 2006, 2010 and 2016. In Uzbekistan the percentage was 100% in 

2006 and 2010 but slightly smaller in 2016. 

 

                                                 
4 The results using item response theory are available upon request form the authors. 
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Table 5 Cumulative Distribution of the Numbers of Commodities in the Most Common Path of Acquisition (Paroush Approach)5 

 

Approach Year Country 0 1 2 3 4 5 6 7 8 9 

Paroush 

2006 

Armenia 0.597  3.433 12.985 31.493 76.269 94.478 96.269  97.910  99.254 100.000 

Azerbaijan 0.415 15.768 41.079 52.420 90.456 97.787 98.617  99.170 100.000 100.000 

Georgia 0.698 30.541 46.946 62.827 87.086 94.939 98.778  99.127  99.651 100.000 

Kazakhstan 0.000 32.189 46.137 63.519 87.124 94.206 97.210  98.712  99.571 100.000 

Kyrgyzstan 0.000 44.340 66.981 74.686 92.610 97.799 99.371  99.528 100.000 100.000 

Tajikistan 0.000 73.353 87.262 93.119 97.072 99.707 99.854 100.000 100.000 100.000 

Uzbekistan 0.146 21.460 47.737 70.803 90.365 97.810 99.416  99.416  99.708 100.000 

2010 

Armenia 0.160  0.320  2.400 21.760 65.920 82.080 86.880 95.840  98.560 100.000 

Azerbaijan 0.000  0.562 17.275 27.669 78.230 92.416 94.242 99.579  99.860 100.000 

Georgia 0.000 13.863 35.358 56.386 77.103 78.505 90.966 97.664  99.377 100.000 

Kazakhstan 0.214  2.998 12.848 29.122 58.887 73.662 81.585 96.788  98.287 100.000 

Kyrgyzstan 0.000  2.080 33.280 73.600 92.160 94.880 96.800 99.840 100.000 100.000 

Tajikistan 0.291 11.773 57.994 81.977 94.767 98.401 99.709 99.855 100.000 100.000 

Uzbekistan 0.000  0.366  8.700 30.037 75.183 94.231 98.077 99.634 100.000 100.000 

2016 

Armenia 0.000 0.264  3.689  9.486 27.404 30.830 59.684 88.538  98.024 100.000 

Azerbaijan 0.000 0.176  2.993  5.546 40.669 55.194 74.736 98.944 100.000 100.000 

Georgia 0.000 1.029 10.635 23.499 39.966 42.367 57.461 76.158  95.197 100.000 

Kazakhstan 0.225 1.348  6.966 11.461 12.809 22.921 42.022 70.337  97.303 100.000 

Kyrgyzstan 0.295 1.329 18.612 40.768 54.505 69.719 84.638 95.716  99.705 100.000 

Tajikistan 0.123 1.601 50.739 80.296 88.300 91.995 96.921 99.384 100.000 100.000 

Uzbekistan 0.000 1.190 28.061 40.136 66.667 77.551 84.524 94.728  99.660 100.000 

 

 

 

 

                                                 
5 Results based on item response theory may be obtained upon request from the authors. 
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Table 5 allows us also to compute various ordinal inequality indices. The results are presented for each 

country and separately for 2006, 2010 and 2016 in Table 6. In 2006 it appears, whatever index we look at, 

that inequality was highest Kazakhstan and lowest in Tajikistan. In 2016 inequality was highest in Georgia 

and lowest again in Tajikistan. If we look at the changes over time, we see that in Armenia inequality 

increased between 2006 and 2010 as well as between 2010 and 2016. In Azerbaijan inequality decreased 

between 2006 and 2010 but increased between 20010 and 2016. In Georgia inequality increased during both 

sub-periods. In Kazakhstan inequality did not vary much from one period to the other. In Kyrgyzstan 

inequality decreased between 2006 and 2010 but increased between 2010 and 2016, reaching then a much 

higher level than the one observed in 2006. In Tajikistan inequality increased during both periods but 

remained much lower than in the other countries surveyed. Finally in Uzbekistan inequality decreased 

between 2006 and 2010 but increased between 2006 and 2010, but its level in 2016 was much higher than 

what it was in 2006. 

Note that these trends may be observed, whatever ordinal inequality index one selects in Table 6. 

 

Table 6: Ordinal Inequality Indices 

Approach Year Country 
Reardon 

Index 

Abul 

Naga 

– 

Yalcin 

Index 

Lv, Wang 

and Xu 

Index 

with 

parameter 

 equal to 

0.1 

Lv, Wang 

and Xu 

Index 

with 

parameter 

 equal to 

0.5 

Lv, Wang 

and Xu 

Index 

with 

parameter 

 equal to 

0.9 

Paroush 

2006 

Armenia 0.2955 0.2985 0.0000 0.0042 0.3078 

Azerbaijan 0.3370 0.3751 0.0000 0.0043 0.3254 

Georgia 0.3940 0.4128 0.0000 0.0063 0.3528 

Kazakhstan 0.4042 0.4177 0.0000 0.0071 0.3529 

Kyrgyzstan 0.3369 0.3630 0.0000 0.0047 0.3129 

Tajikistan 0.1793 0.2214 0.0000 0.0022 0.1863 

Uzbekistan 0.3330 0.3596 0.0000 0.0045 0.3380 

2010 

Armenia 0.3281 0.3230 0.0000 0.0048 0.3177 

Azerbaijan 0.2884 0.2915 0.0000 0.0035 0.2924 

Georgia 0.4668 0.4427 0.0000 0.0094 0.3819 

Kazakhstan 0.4373 0.4133 0.0000 0.0076 0.3732 

Kyrgyzstan 0.2623 0.2846 0.0000 0.0033 0.2946 

Tajikistan 0.2524 0.2875 0.0000 0.0028 0.2901 

Uzbekistan 0.2474 0.2711 0.0000 0.0026 0.2917 

2016 Armenia 0.3990 0.3898 0.0000 0.0061 0.3521 
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Azerbaijan 0.3427 0.3789 0.0000 0.0040 0.3291 

Georgia 0.5515 0.5304 0.0000 0.0128 0.4096 

Kazakhstan 0.4216 0.4002 0.0000 0.0094 0.3617 

Kyrgyzstan 0.4631 0.4594 0.0000 0.0079 0.3856 

Tajikistan 0.2836 0.3202 0.0000 0.0042 0.2849 

Uzbekistan 0.4597 0.4361 0.0000 0.0084 0.3752 

Item response 

theory 

2006 

Armenia 0.2840 0.2920 0.0000 0.0040 0.3029 

Azerbaijan 0.3324 0.3725 0.0000 0.0042 0.3237 

Georgia 0.3859 0.4086 0.0000 0.0057 0.3501 

Kazakhstan 0.3900 0.4101 0.0000 0.0065 0.3477 

Kyrgyzstan 0.2792 0.3182 0.0000 0.0037 0.2795 

Tajikistan 0.1793 0.2214 0.0000 0.0022 0.1863 

Uzbekistan 0.3299 0.3580 0.0000 0.0042 0.3371 

2010 

Armenia 0.3230 0.3204 0.0000 0.0046 0.3149 

Azerbaijan 0.2919 0.2935 0.0000 0.0036 0.2938 

Georgia 0.4088 0.3938 0.0000 0.0083 0.3593 

Kazakhstan 0.4373 0.4133 0.0000 0.0076 0.3732 

Kyrgyzstan 0.2247 0.2634 0.0000 0.0023 0.2805 

Tajikistan 0.2474 0.2844 0.0000 0.0026 0.2884 

2016 

Armenia 0.3797 0.3755 0.0000 0.0057 0.3434 

Azerbaijan 0.3427 0.3789 0.0000 0.0040 0.3291 

Georgia 0.5571 0.5398 0.0000 0.0128 0.4102 

Kazakhstan 0.4561 0.4436 0.0001 0.0105 0.3718 

Kyrgyzstan 0.4640 0.4598 0.0000 0.0079 0.3859 

Tajikistan 0.2836 0.3202 0.0000 0.0042 0.2849 

Uzbekistan 0.4249 0.4112 0.0000 0.0075 0.3612 
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In Table 7 we present results concerning the welfare index introduced by Apouey et al. (2019). As mentioned 

previously, when the parameter  tend towards 1, this index ignores inequality in the standards of living so 

that its change over time reflects pure growth. It then appears that in all the countries, but Uzbekistan, there 

was important growth in both sub-periods, 2006-2010 and 2010-2016. In Uzbekistan there was growth only 

during the first sub-period. If we now take a different value of the parameter , like 0.9 or 0.5, we look at a 

welfare change that takes into account both growth and inequality change. It then appears, that welfare 

increased in both sub-periods for all the countries except again Uzbekistan. In the latter country welfare 

increased only during the first sub-period. These conclusions hold whether we assume that  is equal to 0.9 

or 0.5. Note that these conclusions are based on ownership frequencies derived from the Paroush approach6. 

 

 

Table 7: Apouey, Silber and Xu Welfare Index 𝐈𝐒𝐗 in 2006, 2010 and 2016 and 2013 (Paroush approach) 

 

Year Country 𝐼𝑆𝑋 with 1 𝐼𝑆𝑋 with  =0.9 𝐼𝑆𝑋 with  =0.5 𝐼𝑆𝑋 with  =0.1 

2006 

Armenia 0.43 0.54 0.90 0.990 

Azerbaijan 0.34 0.44 0.82 0.978 

Georgia 0.31 0.40 0.77 0.961 

 Kazakhstan 0.31 0.40 0.77 0.966 

 Kyrgyzstan 0.25 0.33 0.70 0.953 

 Tajikistan 0.17 0.23 0.59 0.925 

 Uzbekistan 0.30 0.40 0.78 0.974 

2010 

Armenia 0.50 0.60 0.94 0.998 

Azerbaijan 0.43 0.54 0.91 0.998 

Georgia 0.39 0.48 0.84 0.984 

 Kazakhstan 0.50 0.59 0.92 0.994 

 Kyrgyzstan 0.34 0.44 0.85 0.994 

 Tajikistan 0.28 0.38 0.79 0.981 

 Uzbekistan 0.44 0.55 0.92 0.999 

2016 Armenia 0.65 0.74 0.97 0.999 

 Azerbaijan 0.58 0.68 0.96 0.999 

 Georgia 0.62 0.70 0.94 0.998 

 Kazakhstan 0.71 0.78 0.96 0.996 

 Kyrgyzstan 0.48 0.58 0.91 0.994 

 Tajikistan 0.32 0.42 0.83 0.992 

 Uzbekistan 0.45 0.55 0.89 0.996 

                                                 
6 Results based on item response theory are available upon request from the authors. 
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In Table 8 we give the per capita G.D.P. (computed at PPP) and the Gini index in 2017, as published by the 

World Bank. We then combine these two measures to derive a welfare index which corresponds to what 

Atkinson called "equally distributed equivalent level of income”, the only difference being that we use the 

per capita G.D.P. rather than disposable income, and the Gini index rather than the Atkinson index of 

inequality. Data on the Gini index and hence on the welfare index are not available in 2017 for Azerbaijan 

and Uzbekistan. Among the five remaining countries, it appears Kazakhstan has the highest per capita 

G.D.P. and highest level of welfare and Tajikistan the lowest. 

 

Table 8: Per capita GDP, Gini index and welfare* measure in 2017  

 

Country Per capita G.D.P. 

(PPP) ($)  

Gini Index Welfare Measure  

Armenia 9648 0.336 (2017) 6406 

Azerbaijan 17398   

Georgia 10699 0.379 (2017) 6644 

Kazakhstan 26410 0.275 (2017) 19147 

Kyrgyzstan 3726 0.273 (2017) 2970 

Tajikistan 3180 0.340 (2015) 2099 

Uzbekistan 6865   

 
* “equally distributed equivalent level of per capita GDP”, using the Gini index. 

 

We then compare the results of Table 8 with those presented in Tables 6 and 7 where we computed ordinal 

inequality indices and inequality sensitive measures of achievement (welfare) on the basis of the notion of 

order of acquisition of assets. Our comparison focuses however only on the ranking of the different 

countries. It first appears that the ranking of the seven countries obtained on the basis of the per capita 

G.D.P. and that of the Apouey et al. (2019) index when the parameter 1 (the case where this welfare 

measure ignores inequality) is almost identical, the only difference being that Kyrgyzstan and Uzbekistan 

permuted their rank (5 and 6).  

Differences in ranking are more important when comparing the Gini index and the Reardon ordinal 

inequality index. In both cases Georgia has the highest level of inequality and Armenia and Kazakhstan 

permuted their rank (3 and 4). The main difference is that according to the Gini index Kyrgyzstan has the 

lowest level of inequality (among these five countries) while Tajikistan has rank 2, the opposite being true 

when working with the Reardon ordinal inequality index. 

Finally when comparing the Gini based “equally distributed level of per capita G.D.P.” and the Apouey et 

al. (2019) welfare index, we may observe that the ranking is almost identical when the parameter  is equal 

to 0.9, the only difference being that Armenia and Georgia permuted their ranks (2 and 3). The differences 
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in ranking are somehow more important when comparing the Gini index and the Apouey et al. (2019) 

welfare index when the parameter  is equal to 0.5. 

 

Table 9: Comparing the ranking of countries 

 

Country Per 

capita 

GDP in 

2017 

Apouey 

et al. 

index 

with 

1 

(2016) 

Gini 

index (in 

2017) 

Reardon 

index in 

2016 

(Paroush 

approach) 

“Equally 

distributed 

level of per 

capita 

GDP” in 

2017 

Apouey 

et al. 

index 

with 

=0.9 

(2016 

Apouey 

et al. 

index 

with 

=0.5 

(2016 

Armenia 4 2 3 4 3 2 1 

Azerbaijan 2 4 n.a.  n.a.   

Georgia 3 3 1 1 2 3 3 

Kazakhstan 1 1 4 3 1 1 2 

Kyrgyzstan 6 5 5 2 4 4 4 

Tajikistan 7 7 2 5 5 5 5 

Uzbekistan 5 6 n.a.  n.a.   

 

 

5. Concluding comments  

 

This paper takes an ordinal approach to using data on assets when estimating the wealth of a household (or 

individual). This approach is based upon the conjecture that there tends to be an order of acquisition of 

durable goods. More specifically, we assume that households behave as if they were implicitly assigning an 

order of importance to the various assets that they may acquire.  

Our empirical analysis, based on data collected by the Caucasus Barometer and the Life in Transition Survey 

and covering states in South Caucasus and Central Asia, shows that there exist such an order and that it does 

not really depend on the statistical approach adopted and was quite similar in 2006, 2010 and 2016.  

Using ordinal inequality indices we observed that during the first sub-period (2006-2010) inequality 

increased in Armenia, Georgia, Kazakhstan, and Tajikistan but decreased in Azerbaijan, Kyrgyzstan and 

Uzbekistan. But in the second sub-period (2010-2016) inequality increased in all seven countries, the 

increase in Kazakhstan being relatively small.  

Using the Apouey et al. (2019) welfare index when the parameter  was close to 1, we were able to conclude 

that there was significant growth in all seven countries, in both sub-periods.  When taking inequality into 

account, we found that there was in all sub-periods an increase in welfare, even when inequality rose, the 

only exception being Uzbekistan where welfare did not really increase between 2006 and 2010. This clearly 
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indicates that growth was sufficiently important to counteract the negative effect on welfare of an increase 

in inequality in those countries and sub-periods where inequality increased. 

Finally we attempted to compare our results with what a more traditional approach, using the Gini index 

and data on per capita G.D.P would give.  It then appears that  the ranking of the five countries  for which 

we had also relevant data on the Gini index, was quite similar, at least, as far as the standard of living and 

welfare are concerned.  
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Appendix 1: On Item Response Theory  

and the Concept of Order of Acquisition of Durable Goods 

 

Item Response Theory (IRT) 

 

IRT was originally introduced to analyze the results of psychometric tests, the idea being that the probability of a correct response 

to an item is a mathematical function of person and item parameters. The person’s parameter is considered as a single latent trait, 

like the degree of intelligence of the individual. The different parameters of IRT are assumed to measure the difficulty of the 

question, its discriminatory power (slope) indicating how steeply the rate of success of individuals varies with their ability. There 

is also a third parameter which we ignore to simplify the presentation. 

IRT produces S-shaped curves for each question and the difficulty of a question is represented by the position reached by the 

curve on the x-axis when there is a probability of 0.5 on the y-axis (this axis varies evidently between 0 and 1). These item 

response curves allows on to rank the different items according to their position on the latent scale. 

Item response theory was later applied to the measurement of deprivation, the idea being that poverty is a latent variable difficult 

to measure. For illustrations of the use of IRT in poverty analysis, see, for example, Dickes (1983; 1989), Gailly and Hausman 

(1984), Pérez-Mayo (2004; 2005), Cappellari and Jenkins (2006), Ayala and Navarro (2007; 2008), Fusco and Dickes (2008), 

Guio, Gordon and Marlier (2012), Szeles and Fusco (2013).  

 

The Order of Acquisition of Durable Goods 

 

This approach is probably less known and we will present it in somehow greater detail.  

Assume that consumers can buy three durable goods, D1, D2 and D3. Table 1-1 shows all the possible ownership combinations 

of these three goods. It is easy to derive that there are 23=8 possible outcomes. In Table 1-1, the digit 1 (0) indicates that the 

consumer owns (does not own) the good and each possible outcome is called a consumers' profile. 

 

Table 1-1: Possible Consumer Profiles when there are Three Goods 

Ownership 

Profile 

The household owns  

Good D1 

The household owns  

Good D2 

The household owns  

Good D3 

1 0 0 0 

2 1 0 0 

3 1 1 0 

4 1 1 1 

5 0 1 1 

6 0 1 0 

7 0 0 1 

8 1 0 1 

 

Suppose now that the order of acquisition is D1, D2 and D3. It should then be clear that the only possible outcomes are profiles 

1 to 4 and that no consumer will have profiles 5 to 8. In such a case one could say  that there is a perfect scale, in the sense that 

there will be a one-to-one correspondence between the profile of the consumer and his/her ranking in the wealth scale.  

 

It is however likely that some consumers will deviate from the path of acquisition. Imagine, for example, a consumer with profile 

6 in Table 1-1. If the order of acquisition is D1, D2, D3, and if we use as measure of distance the sum of the absolute values of 

the differences between the numbers appearing in profile 6 and those corresponding to profiles 1 to 4 (the only possible profiles), 

then the closest profiles in the path of acquisition of this consumer will be profiles 1 or 3 with a deviation S equal to 1 (see, Table 

1-1). 

 

More generally, call 𝑆𝑖 the smallest deviation for an individual (or household) with profile i and 𝑁𝑖 the number of such individuals 

(households). Guttman (1950) then defined what he called a “reproducibility index” 𝑅, as 

𝑅 = 1 −
∑ 𝑁𝑖𝑆𝑖𝑖

𝑘 ∑ 𝑁𝑖𝑖
           (1-1) 

In (1-1) 𝑘 is the number of goods; 𝑆𝑖 is the deviation and 𝑁𝑖 the number of individuals with deviation 𝑆𝑖 . Guttman (1950) proved 

that this index R varies between 0.5 and 1. When there is a perfect scale 𝑆𝑖 = 0 for all consumers and 𝑅=1. 
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The computation of this reproducibility index, is made, assuming a given order of acquisition. Paroush (1965, 1973) suggested 

to compute the coefficients of reproducibility for all possible orders of acquisition. The population most common order of 

acquisition will then be considered as that order of acquisition which has the highest coefficient7 R.  

 

It should be clear that the estimation of the most common order of acquisition requires a very high number of computations. 

Assume, as was the case in our empirical investigation, that there are nine goods. Then, for each individual household i in the 

sample, the determination of the minimum distance 𝑆𝑖 from his/her profile to one of the possible profiles in the path of acquisition 

is based on ten comparisons.  

 

For example, the number of respondents for the survey conducted in Armenia in 2016 was 1518. As a consequence, 15180 

(=1518× 10) comparisons are needed in order to determine the reproducibility index R for a given order of acquisition. But this 

procedure has to be repeated 362880 (= 9!) times. This is the total number of possible orders of acquisition, resulting from nine 

durable goods. Therefore the total number of iterations needed to find the order of acquisition with the highest index of 

reproducibility R is 15,180  362,880 = 5508518400. 

Note that this kind of computation had to be made for each of the seven countries and each of the three years. 

 

                                                 
7 Paroush added that this reproducibility coefficient should however be greater than 0.9.  
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Appendix 2: Measuring inequality in the presence of ordinal variables 

 

Following the work of Allison and Foster (2004) a new inequality index was introduce by Abul Naga and Yalcin (2008), which 

can be used with ordinal variables. Let 𝑝𝑘 be the proportion of individuals with wealth status 𝑊𝑘. Assume that the 𝐾 wealth status 

categories are ordered by increasing wealth status and call 𝑃𝑘 = (𝑝1 + ⋯ + 𝑝𝑘), the sum of the proportions 𝑝𝑘 . Abul Naga and 

Yalcin (2008) then proposed to use the following index 𝐼𝐴𝑌 to measuring ordinal inequality: 

 

 𝐼𝐴𝑌 = 1 − [
2 ∑ |𝑃𝑘−1|−1𝐾−1

𝑘=1

(𝐾−1)
].                       (2-1) 

 

Note that, when using this index, changing the numerical scale does not change the value of the index. In addition, inequality is 

minimal when everyone is located at the median (i.e., has the same wealth status). Conversely, inequality is maximal (equal to 1) 

if half the population is located at the lowest wealth status and the other half at the highest wealth status. 

 

Other ordinal inequality indices have been proposed (Reardon 2009; Lazar and Silber 2013), the first being: 

𝐼𝑅𝐸𝐴𝑅𝐷𝑂𝑁 =
1

(𝐾−1)
∑ 4𝑃𝑘(1 − 𝑃𝑘)𝐾−1

𝑘=1          (2-2) 

 

The approach of Lv et al. (2015) amounts to measuring overall wealth inequality (in the case of ordinal variables) by first 

measuring the inequality between any two different wealth outcomes, then aggregating these inequalities via a simple weighted 

sum, in which the further apart the two wealth outcomes, the higher the weight attached to the inequality between these two 

wealth outcomes. They proposed the two following indices: 

𝐼𝐿𝑊𝑋1 = ∑ ∑ (
2

(𝐾−1)
)ℎ≠𝑘

𝐾
𝑘=1 |ℎ − 𝑘|𝑓ℎ𝑓𝑘        (2-3) 

where 𝐾 is the number of possible wealth outcomes and 𝑓ℎ and 𝑓𝑘 are the proportion of individuals with wealth outcomes h and 

k, respectively, and  

𝐼𝐿𝑊𝑋2 = ∑ ∑ 𝐾−1−|ℎ−𝑘|
ℎ≠𝑘

𝐾
𝑘=1 𝑓ℎ𝑓𝑘        (2-4) 

with  0 <  < 1. 
 

Desirable properties of ordinal inequality indices 

 

Lv et al. (2015) showed that the two previous indices obey a certain number of axioms. In the case of wealth inequality, when 

wealth is an ordinal variable, these axioms may be stated as follows: 

 Focus: This property implies that any additional information about individuals, such as their gender or age, should not 

play any role in constructing an index of wealth inequality. 

 Additivity: An index of wealth inequality should be the sum of all “individual” wealth inequalities. The measure sums 

up all possible inequalities of any two different wealth outcomes. 

 Independence: This property requires that any change in the degree of wealth inequality between two wealth outcomes, 

ℎ𝑖 and ℎ𝑗 , as a consequence, say, of an increase in the frequency of wealth outcome, ℎ𝑗, is independent of the wealth 

frequency of wealth outcome, ℎ𝑗. 

 Perfect equality: If everyone has the same wealth outcome, then wealth inequality is equal to zero. 

 Invariance to simple switches: When all individual wealth outcomes are clustered on two wealth outcomes, a simple 

switch of the frequencies of these two wealth outcomes leaves the index of wealth inequality unchanged. 

 Invariance to parallel shifts: When all individual wealth outcomes are clustered on two wealth outcomes, a parallel 

shift of the entire frequency distribution leaves the index of wealth inequality unchanged. 

 Polarization: A “median preserving“ change in the spread of a frequency distribution increases its inequality. A simple 

illustration is a move from the distribution {0, 0.2, 0.8, 0} to the distribution {0.2, 0, 0, 0.8}. 

 

 

Appendix 3: Inequality-sensitive and additive achievement measures based on ordinal data 

 

In a recent study, Apouey et al. (2019) derived axiomatically new classes of measures of the level of achievement in a population 

when the achievement variable is ordinal. The main result of their analysis is that a social achievement index ℎ satisfies 

Normalization, Independence, Weak Pareto Principle, Anonymity, Equity Principle, and Proportional Equality if and only if  

ℎ(𝑠) =
1

𝑇
∑ 𝑝𝑘(𝑠)

1−𝛼𝐾−𝑘

1−𝛼𝐾−1
𝐾
𝑘=1                                                                                                         (3-1) 
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with 0 <  < 1 and where s refers to the achievements, ranked by decreasing levels, K to the number of achievement categories, 

𝑝𝑘(𝑠) to the number of individuals with achievement level k and T to the total number of individuals. Normalization implies that 

the social achievement index varies between 0 and 1. The axiom of independence assumes that if the achievement of one 

individual changes without affecting the achievement of any other individual, the resulting change in the social achievement 

index is independent of the initial achievements of those other individuals. Given that the achievement are ranked by decreasing 

level, the Weak Pareto Principle implies that if every individual has the same achievement level 𝑘, the social achievement will 

be higher than if every individual has the same achievement level 𝑘′, with 𝑘′ < 𝑘.  Anonymity stipulates that, in the measurement 

of social achievement from individual achievements, only the level of achievements matters, the other characteristics of the 

individuals having no impact on the overall level of social achievement.  The Equity principle requires that, other things being 

the same, changes in the achievements of two individuals from two further-apart levels to two “closer” levels will increase the 

level of social achievement.  Finally, the interpretation of the axiom of Proportional Equality is as follows. Assume an original 

achievement vector, where everyone has the same achievement level 𝑘. If now the achievement level of everyone changes one 

level up, to 𝑘 + 1, or if the achievement level of everyone changes one level down, to 𝑘 − 1, the ratio of the changes in the social 

achievement index of two such changes is independent of the initial achievement level 𝑘: 
ℎ(𝑘−1,…,𝑘−1)−ℎ(𝑘,…,𝑘)

ℎ(𝑘,…,𝑘)−ℎ(𝑘+1,…,𝑘+1)
 is independent of 

𝑘.   

When the parameter  tends towards 1, the axioms of equity (and evidently proportional equality) will not hold and the social 

achievement index will be expressed as 

ℎ(𝑠) =
1

𝑇
∑ 𝑝𝑘(𝑠)

𝐾−𝑘

𝐾−1

𝐾
𝑘=1                                                                                                               (3-2) 

It is easy to show that in such a case we obtain 

ℎ(𝑠) =
1

(𝐾−1)
∑ 𝐹𝑘(𝑠)𝐾−1

𝑘=1                                                                                                               (3-3) 

where 𝐹𝑘(𝑠) = ∑ 𝑝𝑗(𝑠)𝑘
𝑗=1 , that is, 𝐹 𝑘(𝑠) refers to the cumulative relative frequency of the various achievement categories. 

 


