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Abstract

This paper uses data from the FES to examine the changing joint distribution of income
and consumption from 1968 to 1999. The analysis is given structure by the assumption
that households are of three possible types. Within each type there is no permanent
heterogeneity but some may have higher current income due to idiosyncratic shocks.
This simple idea allows us to estimate the mean income of each group and its variance.
This variance will be the variance of the temporary shock. With the further assumption
that macro shocks are the same for each group of households, we can then predict the
distribution of consumption and the relationship between income and consumption
according to the life- cycle model (where current consumption is only a function of
permanent income). These predictions are then compared against the data and against
the predictions of a “no smoothing” extreme where households simply consume out of
current income. Our results are as follows. Firstly, the income estimates illustrate quite
starkly the idea of polarisation, the middle income groups are shown to be declining in
mass and in relative income. Secondly, neither extreme model fits the data exactly, but
the fit of the life-cycle model with 3 types of heterogeneity seems to improve over time;
this gives further support to the idea that part of the increase in inequality is due to risk
— not to permanent differences — and that capital markets appear to be improving
households’ insurance mechanism against it.



1 Introduction

This paper looks at the evolution of the household distribution of income and
consumption. In common with much other work, it looks at the questions of the degree
to which households are able to insure themselves against risk, how this has changed
over time and whether the increase in income inequality is a result of increases in
permanent inequality of increases in risk. We diverge from the rest of the literature,
however, as we examine cross-sectional data and infer the relative sizes of permanent
and temporary shocks. We assume that households are of 3 possible types with
different permanent means and vulnerability to temporary shocks. These differences
can be estimated by a mixture model, where the estimation procedure fits the overall
distribution of income by setting it as a function of 3 different distributions with
unknown proportions.

The first part of the empirical analysis consists of the estimation of income densities
through a model of mixed normal distributions; the model provides an estimate of three
normal densities, which seems to fit the data substantially well and track the overall
profile of the empirical distribution of income. These results illustrate that polarization
(see for example Goos and Manning (2007) and Autor et al. (2006)) may have occurred
both through an increase in gap between the middle classes and the rich and a decline in
their relative proportion. The results also show that there has been both an increase in
within and between variances. None of these findings are particularly new, of course,
but can be used to validate our methodology.

Next, we compare the actual distribution of consumption, as described by the empirical
kernel density estimate, with two hypothetical benchmark distributions appositely

constructed by mixture of normal modelling: (i) the distribution of consumption that



would emerge in the case of no-insurance, which is the same as the distribution of
income previously estimated, and (ii) the distribution of consumption in the case of
(full) insurance, assuming that the variance of income is the same for the different sub-
household groups and consumption is equal to permanent income. Then, we estimate
the expected level of consumption for each group by means of conditional probabilities
— given the income group j, E(c|Pr(gj) = 1) — and compare each group’s expected
consumption with the average group’s mean income. In this way, we can compare how
income and consumption trends evolve over time. Last we predict the expected level of
consumption for each income level and compare it again to data and the “no smoothing”
extreme.

The paper will proceed as follows: the next section provides an overview of some
relevant literature; section three describes and analyses the data used; section four
explains the methodology we have used in the modelling of income and consumption;

section five illustrates the empirical analysis and its findings; section six concludes.

2 Background literature

2.1 Risk insurance and consumption smoothing

The basic idea of consumption insurance can be regarded as the cross-sectional
counterpart of the permanent income hypothesis; if complete insurance is achieved,
consumption of the individual units (be them agents, families or countries) should not
vary in response to idiosyncratic income shocks. Common shocks, on the contrary, are
supposed to affect all the underlying population in the same way, thereby leaving the

overall distributional proportions unchanged.



One of the seminal papers addressing the full-insurance hypothesis is Mace (1991),
which tests risk-sharing with complete markets and assesses how household
consumption responds to changes in aggregate consumption and/or to other
idiosyncratic shocks — e.g. individual income, employment status, etc. The empirical
results seem to be highly consistent with the assumption of risk-sharing, even without
complete markets. Cochrane (1991), which represents another landmark in the
literature, provides a further cross-sectional consumption-insurance test, based on the
fundamental proposition that, in the presence of a full-insurance mechanism, cross-
sectional consumption changes should be independent of variables exogenous to
households (idiosyncratic ones); his empirical analysis seems to fail to reject the
underlying theory.

Amongst the empirical literature, an early example of the use of repeated-cross-section
data for the study of the distributions of consumption and income is Cutler and Katz
(1992).

More recently, a great bulk of the literature has focused on the study of the relationship
between income and consumption by looking at the validity of the permanent income
hypothesis (PIH) and at how permanent and transitory shocks to income affect the level
of consumption; in other words, the focus here is on how consumption is smoothed over
time and what type of shock is more relevant. Deaton and Paxons (1994) look at how
the PHI can explain the patterns of increasing consumption inequality over time within
age cohorts in Great Britain, Taiwan and the US. Blundell and Preston (1998) are an
interesting example of how the literature has studied the distribution of income and
consumption; the emphasis here is being placed on the distinction between the concepts
of permanent and transitory income uncertainty in the assessment of the evolution of

consumption. Using data from the Family Expenditure Survey (FES), they study how



permanent and transitory income uncertainty affects the change in consumption
inequality within British cohorts. Another notable study about the links between the
types of (risk) insurance and the way income shocks translate into consumption
inequality is Blundell, Pistaferri and Preston (2008); building on the work of Blundell
and Preston (1998), the authors set up a framework whereby the change in consumption
can be specified by a process where both permanent and transitory shocks can play a
role; they find evidence that the persistence of shocks is important for the determination
of consumption inequality and that, if temporary shocks are fully insurable, permanent
shocks are insurable only to a partial extent.! This study has also spurred the work by
other scholars, like Kaplan and Violante (2010), who compare the empirical estimates
of the insurance coefficients obtained by Blundell and Preston (1998) with the standard
incomplete market (SIM) model, in order to assess the degree of self-insurance as
explained by the available data. Japelli and Pistaferri (2010a), in a recent work based on
the Bank of Italy’s survey on consumption, income and wealth, carry out a highly
informative and extensive statistical analysis of different consumption and income
inequality measures about Italy, both at the individual and at the household level.
Assessing the link between consumption and income trends, they find that income
inequality is usually higher than consumption inequality and tends to grow at a faster
pace — this is also reflected at different cohort levels. Since this income variation is
mainly attributable to non-permanent income shocks, they argue that this is an evidence
of the PIH and speculate an important role could have been played by deeper financial

markets.

2.2 Financial market deepening and risk-sharing.

! The insurance to permanent shocks applies particularly to people near retirement age.



The full consumption insurance hypothesis is based on very strong assumptions, as it
can only exist in a competitive equilibrium environment where financial markets are
complete or where are institutions implementing optimal an allocation of resources.
Indeed, as consumption insurance is based on the efficient allocation of resources from
savers to users, the degree of efficiency of financial markets is a key factor for the
implementation of the full risk-insurance mechanism. This explains also why models of
incomplete markets, where agents are affected by credit constraints and the insurance
mechanism works only partially, have been set up and used in the literature. As a
consequence, it is widely accepted that the degree of financial market efficiency is very
important factor.

Ventura (2008) provides an empirical analysis of risk-sharing opportunities in Latin
America and the Caribbean; his preliminary results show that the financial development
of an economy is crucial in determining the amount of risk sharing.

The positive effects of financial integration (through the enhancement of the potential
for risk sharing) on an aggregate consumption level have been extensively advocated
and documented in the international finance literature. Demyanyk and Volosovych
(2008) report substantial welfare gains — both real and potential — when comparing
permanent consumption amongst EU’s 25 member-countries.? Fratzscher and Imbs
(2009) introduce asset choice in a model aimed at the testing of international
consumption risk sharing. They find evidence of the role played by financial constraints

in hampering down the sharing of risk when foreign direct investment and bank loans

2 Potential welfare gains here refer to those gains achievable by further increasing the degree of risk
sharing within the EU.



are used, with idiosyncratic consumption growth becoming more subject to
idiosyncratic income changes.®

A more analytical assessment of the effects of financial market integration on the joint
evolution of income and consumption — indeed on consumption smoothing — is Japelli
and Pistaferri (2011); the two authors, by means of the same data used in Japelli and
Pistaferri (2010), assess the determinants of the divergence between the trends in the
variance of income and in the in the variance of consumption in Italy following the
implementation of the European Mometary Union (EMU). They find that the sharp
increase in income inequality during the period considered has not been mirrored by a
similar increase in consumption inequality. However, they conclude that the EMU has
not changed the ability of consumers to smooth income shocks and that the diverging
trends between income and consumption inequality are primarily due to the increase in

transitory inequality.

3 The data

All the income and consumption data used in our analysis come from the UK Family
Expenditures Surveys (FES). The FES was carried out by the UK’s Office for National
Statistics (ONS) and has been in use since 1957 and, probably representing the main
source of information for official, scholarly and private statistics about British
households’ income. It was replaced in 2001, when the FES and the National Food

Survey (NFS) have been combined into a new survey, the Expenditure and Food Survey

% As the main sources of transaction costs in international investment, they mention the following factors:
different tax treatments, intermediation fees, liquidity premia across countries or asset classes and, also,
informational frictions.



(EFS).* The FES consists of approximately 6,500 households each year, but the dataset
is not a longitudinal one, as the number and consistency of household changes each
time.

The type of income concept considered in the FES — which | also use in this paper — is
‘gross normal weekly household income’, which represents the sum of weekly incomes
from employment, self-employment investments, occupational pensions, imputed
income for owner-occupiers and most social security benefits across household
members.”

The consumption variable relevant to our research refers to total expenditures (plus
imputed values), including both durables and non-durables expenditures. The inclusion
of durables in consumption data has some important implications for the resulting data
analysis. As explained by Bar-llan and Blinder (1988), the expenditures for durable
goods are essentially more volatile than the expenditures for nondurable goods and
services, with the average stock of durables (and total expenditures) not being
necessarily proportional to permanent income and following the growth rate implied by
the PIH. On the contrary, changes in permanent income are likely to give rise to large
changes in durable expenditures. It is, therefore, important to keep this aspect in mine
when trying to interpret the relevant data. As also illustrated by Bertola, Guiso and
Pistaferri (2005), durables expenditures fluctuate substantially around their optimal
amount — consistent with a proportion of nondurables — however keeping a relatively
stable trend. This implies that the variability of consumption is likely to be exacerbated

by the inclusion of durable amongst the date described.

* Further to income and consumption, the FES collects a large amount of information on socio-economic
characteristics of the households, like composition, size, social class, occupation and age of the head of
household. Data is collected throughout the year to cover seasonal variations in expenditures (See the
ONS website for relevant publications and information material: http://www.statistics.gov.uk).

> See: FES User Guide (different issues).



In order to make the analysis comparable across households, we equivalize the values of
income and consumption by means of the equivalence scale McClements developed for
the econometric analysis of the 1971 and 1972 waves of FES.®

Another important step in the handling of the survey data, in order to work with real
values of consumption and income, is to deflate both sets of equivalised data on a
monthly basis; this is a necessary measure in order to work with time-consistent income
and consumption values, due to the relatively high inflationary process affecting the UK
economy during the 1970s and, to some extent, the early 1980s. Therefore, using the
CPI index provided by the National statistical office we have constructed a series of
monthly deflators that we have applied to the equivalized monthly consumption and
monthly income.

The size of our yearly samples is the largest possible and we make no distinction
between employed, self-employed and unemployed.

A common (but surely effective) way to assess the relationship between household
income and household consumption is by looking at how the trends in the mean values
of (the logs of) the two variables evolve relative to each other. Graph 1, which portraits
the joint evolution of the two underlying variables in the period 1968-1999, shows how
both income and consumption follow a fairly similar path; after an initial upwards trend,
they both fall in the mid 70s and start to rise again since the late 70s, further
accelerating during the first half of the 80s. A sudden fall occurs around 1991 —
probably due to the ongoing recession affecting the UK — followed by a somewhat

steady rise during the remaining period considered.

® In an attempt to improve the equivalence scales in use at the time, McClements developed a scale that
takes into account the effects of the number of children and the ages of the children on the living
standards of the household. Unlike the OECD scales, the McClements scale equivalises the household
income to the reference unit of an adult couple. See: Goodman, Johnson and Webb (1997).
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Looking at the relative trend, income seems to be growing at a slightly quicker pace
than consumption during the 70s and the 80s. However, if one considers the recession
that has affected the UK in the beginning of the 90s, it is possible to notice that the
situation seems to be reversed; the decline in consumption looks far less pronounced
than the decline in income. The opposite is true for the post-1992 recovery, as in this
case income seems to pick up more slowly than consumption.

Like their mean values, the variances of household income and household consumption
are also exhibiting a similar pattern; nevertheless, in this case, as pictured in graph 2, it
is noticeable how the magnitude of the difference between the two variables remains
somehow small during the first half of whole period examined — this is particularly true
for the years before 1984, when the difference between the two variances tends to
become almost negligible. After 1984, though, there seems to be some signs of a
widening of the underlying gap between income and consumption that begins to widen

and fluctuates in terms of magnitude.



Graph 2
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As far as the trend is concerned, the variance of consumption remains greater than the
variance of income from 1968 to 1984; during this period the gap has remained
relatively narrow, then to close up in 1984. In the subsequent period, however, income
variability increases more than consumption for a few years, after which both values
remain substantially stable until the late 90s. This is a sign that factors such as the
labour market reforms, the increase in the skill-premium, and the financial liberalization
process boosted in the mid-1980s may have played an effective role in shaping the
relative distribution of income and consumption.

A more informative overview of the joint evolution of the distributions of income and
consumption can be obtained by graph 3, which shows the empirical kernel estimates of
the densities of income and consumption in selected years. The underlying data
evidence two major features. First, the density of income is clearly developing a
multimodal profile over time, while the same does not seem to apply to consumption,
whose density profile seems to be rather unimodal, with a tendency towards a light

polarization in the very end of our sample period; this discrepancy can be interpreted as



a consequence of the presence of some forms of insurance mechanism that allow the
smoothing of consumption across different income groups of households. Second, the
spread of both distributions proves to be increasing over time, with the density of
income looking wider that the density of consumption; this is another sign of the likely

presence of consumption insurance at large.



Graph 3
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4 Methodology

If one looks at the trends (over time) in the mean or in the variance of the income of all
the households that form our samples and compare them with graph 3, depicting the
kernel density estimation (as illustrated in section 4), it is possible to realize how
uninformative the formers are, in terms of distributional features. In fact, they simply
describe the overall trend of a population that is regarded as a homogeneous group (the
same reasoning can, by analogy, be applied to consumption). Yet, the mere use of the
kernel density estimate, as depicted in the underlying diagrams, is certainly an
improvement in the description of the main attributes across the whole distribution of
income (and consumption), but does not provide a well defining
characterization/quantification of the degree and scope of compositional diversity. This
calls for the use of a methodology that is better equipped to address the heterogeneity
issue when analyzing the distribution of income (and consumption).

The first step is to fit the data by a combination of normal distributions; this allows us to
model the existing heterogeneity in terms of a given set of sub-population groups and
obtain estimates of the parameters that give information of each normal distribution’s
income process therewith involved. The second step is the “construction” a
counterfactual distribution of consumption that reflect the hypothesis of perfect
smoothing; in order to do so, we constrain the distribution of consumption to have the
same mean as the mean of permanent income and a constant common variance, with the
number of means and variances depending on the number of sub-distributions estimated

by the mixture model.”

" Here the mean of permanent income is proxied by the mean of current income, under the assumption
that the aggregate idiosyncratic component of income is zero (as will be explained later in this section).



Then, we estimate the predicted consumption level for each group of households,
conditional of the actual level of income, and compare the trends in relative expected

consumption levels with the average income of each group.
4.1 Mixture models (an overview)

Mixture models (also known as “finite” mixture models, due to the fact that the number
of mixed distributions to be usually estimated in the underlying model is finite) are
becoming an important tool for the analysis of economic data, as they are a very useful
and flexible analytical method for the interpretation of complex distributions; in
particular, mixture models can be relatively suitable to the description of multimodal,
skewed, fat-tailed and other types of density curves.

Lindsay (1995), in describing the mixture model, states: “The simplest and most natural
derivation of the mixture model arises when one sample forms a population that
consists of several homogeneous subpopulations,.....”. McLachlan and Peel (2000)
underline the usefulness of mixture distributions in modelling heterogeneity in different
statistical contexts, as they provide a more direct role in the analysis of data and better
model description for many distributions.

Mixture models are considered semi-parametric for two main reasons: firstly, even
though each component of the mixture is a parametric model, the distribution of mixing
proportions is “model-free”; secondly, there is no restriction that the components of the
mixture belong to the same family of distributions.

Equation (1) below is a general specification of a mixture model:

® 0= 7006)



where f (x) is the mixture density function, g(x;8;) are the density functions of each ith
component’s distribution, with 6; being the parameters vector of each jth component’s
distribution (e.g. the mean and the standard deviation), and =; is the mixing proportion
relative to the jth group’s distribution — the summation ) 7z; is obviously equal to one.
Amongst the different methods that are used to estimate the parameters of finite mixture
models the maximum likelihood method is probably the most convenient one, as the
estimates therewith obtained tend to converge to the true parameters values even under
very general conditions. Specifically, if one considers a variable of sample of size n, x;,
X2, . . ., Xn, consisting of m mixture components, the maximum likelihood method
searches for the parameters values that maximize the likelihood function evaluated at
the observations.

The generalized maximum likelihood function of a mixture can be specified as follows,

@ L(e,n)zﬂf(xi)=f[{in,.g(xi;e,->},

where 6 is the vector of parameters of the density functions and = is the vector of
mixing proportions as explained above.

The advantage of using such an approach is absolutely evident, as it makes it possible to
overcome both the typical problems of pure parametric estimates, which do not capture
all the distribution-wide features of the relevant population.

As illustrated by Celeux (2007), mixture models are versatile and parsimonious models
with many available algorithms to estimate the mixture parameters, can be address
special questions in the model-based clustering context in a proper way and can be

compared and assessed in an objective way.



Another advantage of mixture models is that they combine much of the flexibility of
nonparametric methods with the analytical advantages of parametric estimation.

As far as the application of mixture models to the study of economic phenomena is
concerned, the literature is not very abundant of them and in most of the cases they refer
to relatively recent exercises. Amongst these, there are some examples of the
application of this methodology to the analysis of income distribution.

Pittau and Zelli (2005) uses a mixture model of normal distributions in order to test the
presence of polarization vs. convergence in EU regions in the 1980s and 1990s and
describe the evolution of the shape of the distribution of regional income; their main
evidence shows a certain degree of convergence is the reduction of the number of
components in fitting the empirical distribution.

In Flachaire and Nufiez (2007) one can find an analysis of conditional household
income distributions using lognormal mixtures. Using FES data, they propose a
conditional model by specifying the mixing probabilities as a particular set of functions
of individual characteristics (e.g. working status). This allows the characterization of
distinct homogeneous subpopulations: if one assumes that an individual's belonging to a
specific subpopulation can be explained by his individual characteristics, then the
probability of belonging to a given subpopulation may be varying among different
individuals.

Bartosova and Forbelska (2010) apply the mixture model approach to the modelling of
the distribution of household income in the Czech Republic, during the period 2005-

2007, and asses its evolution using EU-SILC data.



4.2 Income modeling

Mixture models can potentially be applied to any type of mixed distribution and their
choice should underlie the characteristics of the relevant population. However, a
convenient way to model income is by using a mixture of normal distributions. Not only
this choice reflects the great flexibility of normal distributions, whose combinations, as
Marron and Wande (1992) point out, usually produces very close approximation of any
type of density; it is also consistent with the consolidated notion that income is bound to
follow a distribution that is approximated very closely by the lognormal distribution.

In analytical terms, in order to compute the ML estimation of the mixture of normals
model, we need to consider we a model specification where we substitute the formula of
the standard normal distribution into (2), thus we obtain the type of likelihood function

to be used in our model that is illustrated below in equation (3);

n m 1 . A
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where u is the vector of subgroup j’s means and ¢° is the vector of subgroup j’s

variances.
The Maximum Likelihood (ML) estimate of the parameters of a mixture model is
commonly computed by implementing the “expectation-maximization” (EM) algorithm,

which is an efficient iterative procedure in the presence of missing or hidden data (in the



case of mixture model the missing values are the Z;s that indicate the group membership
for the i-th observation: Z;js indicates that the observation x; belongs to the j-th group).?
A non-trivial problem we have encountered while implementing the estimation
procedure is the large sampling variance, which can be reflected in a log-likelihood
function relatively flat, at least near the maximum, or in the absence of a global
maximum; this implies that different values of distribution parameters to be estimated
are nearly equally likely to be fit the data. Therefore, we need to run the ML estimation
a large number of times in order to obtain the highest ML value out of many.

In order to fit the model to the data, we have run the ML procedure with all the
necessary iterations, in order to define the parameters and the proportions of the normal
distributions derived from the mixture model we have implemented,; it turns out that the
number of groups/proportions composing the distribution of household income is equal

to three. Therefore, our combination of normal distributions can be specified as follows:

@) ) =7,800160)+7,8(5,16) + 7, 8(; 165).

As far as the estimation procedure is concerned, it is necessary to impose that the
parameters 6; estimated for the first year are identified with the same j-th group of
households also in the following years.

Moreover, one major issue following the first estimation of the mixture model is

represented by the large variability of the group proportions z;, from one year to

8 Each iteration of the EM algorithm consists of two processes: The “expectation step” (E-step), and the
“maximization step” (M-step). In the E-step, the missing data are estimated given the observed data and
current estimate of the model parameters. This is achieved using the conditional expectation, explaining
the choice of terminology. In the M-step, the likelihood function is maximized under the assumption that
the missing data are known. The estimate of the missing data from the E-step is used in place of the actual
missing data. Convergence is assured because the algorithm is guaranteed to increase the likelihood at
each iteration. For more detailed information see: Dempster, Laird and Rubin (1977); and Aitkin and
Rubin (1985).



another, which can be extremely large at times (especially until the mid-1970s).°
Therefore, in order to overcome this problem and obtain a more reasonable profile of
the z; parameters over time, we smooth the estimated values by using a five years

moving average process MA(5). In this way, our proportions become:

1 t+4

G) A, = me :

where j =1, 2 and 3. This allows a better identification of the model.
We can now re-estimate the parameters of the mixed income densities, by constraining

the maximum likelihood estimation of our mixture of normals to fit the proportion

parameters 7, as constructed in (5) for each year; thus we obtain a “smoothed” mixture

model that becomes:
©®) ) =#,80,10)+7,8(3,10,)+ 7,83, 16,),

where @ denotes the new vector of income distribution parameters to be derived by
means of ML estimation.

The methodology we have followed to compute the density of both the smoothed and
unsmoothed mixture models is a typical the empirical kernel density estimation

procedure, as outlined in equation (7) below:

~ ZK{(yi—y)/l’l}
™ f)=- =

% This is obviously due to noisiness of the survey data, which most probably suffer from a large sampling
variation.



where K is the kernel function h is the smoothing parameter or band-width, it is possible
to assess the suitability of the mixture models themselves in describing the actual data.
As is well known, an important step in the construction of the density profile is the
choice of band-width h. In this case, we have used a rule of thumb and set h = s.d./7
(this has proven to be an efficient choice for our estimation procedure).

As shown in graph 4, the mixture of normals model we have used seems to track the
main features of the actual income — e.g. the different modes — in a substantially close
way, while the restricted mixture model differs from the unrestricted (with unsmoothed
proportions) in a negligible way. Overall, the mixture of normal distribution seems to be
a considerably suitable statistical procedure to model the distribution of UK’s household
income as reported in the FES survey. Indeed, the mixed normal distributions reflect the
different modes detected by the empirical one. Moreover the discrepancy between the
restricted (with smoothed proportions) and unrestricted (original proportions) density is

minimal.



Graph 4
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Some further analysis on household income is provided by graph 5 below, which shows
the evolution of the mean income of the three income groups over time, once the
mixture model has been restricted to have the smoothed proportions computed by the
MA(5) in equation (6). If the means of the mid-income and the top-income groups have
similar trends, especially until the mid-80s and after the early 90s (with a certain degree
of divergence in between), the mean income level of the bottom-income group looks
substantially stable over time.

According to what is therein depicted, it is possible to distinguish between two distinct
stages: (i) cross-group income inequality decreases until the late 1970s, principally due
to the decrease in the income level of the richer and the middle groups; (ii) after that
point in time, cross-group inequality starts to rise, mainly because of the widening of
the gap between mid-income and top income households. At the same time, the mean
incomes of the mid and the bottom groups converge to very similar values, something
also in line with the estimation of the proportions of the two underlying groups by our

mixture model.

Graph 5

Trends in mean income (log) over time - by income group
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As far as the trend in within group variation is concerned, as highlighted in graph 6, one
can observe a significant and constant rise in the standard deviation of the higher
income group, which after the initial period represents the vast majority of the
households. This is mirrored by the sharp fall in the level of inequality within the so
called middle-income group. The inequality of the low-income households remains
substantially constant during the first half of the entire time period, and then it increases

in the second half, but only to a moderate extent.

Graph 6

Trends in SD of income (log) over time - by income group
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4.3 Consumption smoothing

The purpose of the second part of our empirical analysis is to assess the degree of
consumption smoothing taking place across households across the relevant time period
and is based on a simple assumption that can be summarized as follows; (i) if shocks to
income are fully reflected in shocks to consumption, then there is no insurance, as

consumption is proportional to income (meaning that agents/households will be credit



constrained and unable to insure in financial markets) (ii) if shocks to income and
consumption are uncorrelated, this means that consumption depends only on permanent
income and on consumption-specific shocks, but not on idiosyncratic shocks to income
or group-specific shocks (meaning that agents/households will have full access to
“insurance” markets).

After having defined the income process in the previous section, we need to define the
model underlying consumption behavior. A common way to model consumption is by
using the PIH framework. It is, therefore, necessary to first recall the income process as

characterized by the PIH, which is as follows:

(8) Yie = yz'}t’ +U;,

where Yy is the permanent component that follows a martingale process as specified

below;

9) yilt3 = yii)—l +U;,

while ovj; is an independently and identically distributed (i.i.d.) transitory income
component.’® Like in Pischke (1995), we regard the income process set out in (9) above
as a random walk, where uj; is the innovation component common to all households and
vit IS an idiosyncratic shock that is uncorrelated across households; in this context, we
can also assume that the underlying households fully adapt consumption to (permanent)
aggregate shocks and adjust to household-specific income shock v;; by a factor «, as

specified below;

19 5ee, among the others, Japelli and Pistaferri (2010a).



(10) ¢, :J’zf Tay,,
thus, o is a factor that determines the extent of risk-insurance.™* From the perspective of
our research, we have full insurance when « is equal to 1 and no insurance when a is
equal to 0.

As the main purpose of this paper is to assess the degree risk insurance achieved by
consumers, we need to compare the density of actual consumption with the densities of
consumption relative to the cases of full smoothing and no smoothing. In this regard,
the estimation of the density of actual consumption is straightforward, as we can derive
it from the survey data, while the density of consumption with no-smoothing is the
equivalent of the density of income as estimated by the mixture model specified by
equation (6). Thus it is now necessary to estimate a density that reflects the case of
perfect smoothing — indeed, assuming that a partial or full insurance mechanism is in
place.

In terms of empirical analysis, the income that we observe can be specified as:

(11)  y, =y +u,,

where y! is consistent with the (permanent) aggregate income component and and v, is

the idiosyncratic shock component.

For this purpose, we define consumption as:

r
1 In Pischke « is equal to an annuity of value: o
+7



(12) ¢, = yzf +&;,

where ¢ can be considered a generic idiosyncratic (household-specific) shock,
substantially equivalent to the component ao in equation (10).
This means that, under the hypothesis of no insurance and/or full consumption

smoothing, we have that:

cor(v,¢,)=0;

This is the situation that we need to simulate, by modelling consumption according to
this assumption.
Under the opposite assumption of full insurance conditions, implying no consumption

smoothing, it follows that:

cor(v,,¢,) =1,

which is the case of consumption distribution fully replicating income distribution.
Using the same analytical framework of the mixture model of normal distributions we
have used to fit income data (with its three income groups), we construct a model of
consumption that reproduce an analogous mixture of normal distributions under the
hypothesis that consumption reflects equation (12).

Given the mixture of normals modeling framework, it is necessary to assume that
consumption is normally distributed. This implies that the mixture of normals setting

underlying full consumption smoothing can be specified as follows:



(13) f(c=i5l [“”J,

j=1

where yj.’ and &° are the actual mean of permanent household income of group j a
common variance to all the groups, respectively.
Since the expected aggregate idiosyncratic shock to income v, in equation (8) can be

regarded to be zero, as outlined in Mace (1991), we approximate the permanent mean
income level to be equal to the mean income of the empirical distribution. In other

words we assume that:

with y, the sample mean income of household group j, being used as a proxy for mean

permanent household income.

As far as the & is concerned, recalling that consumption is defined in equation (12), it

is derived from the following variance:
var(c,) = var(y! ) +var(e,),

where var(c,) is measured from consumption data and var(y’) is estimated with the

log likelihood function; thus, var(e,) = var(c,)—var(y,"), as a consequence. In this way,

we can implement the ML estimation of the mixture model by constraining the mean

and the variance of the underlying distributions to reflect the mean (permanent) incomes

of each of the three groups (each of proportion 7,, 7, and 7,), and the variance as



specified above. This leads to the estimate of the density of the counterfactual

distribution of full consumption smoothing as follows:

14 f()= Znﬂaj

with 6, =(y";var(z,)).

As far as the distribution of consumption with no smoothing is concerned, the procedure
outlined above is repeated by allowing the variance of consumption to differ by
household income group. This leads to a mixture of normal model specification as

follows;

1) FO-3 =4 V;@],

where the standard deviation of consumption is group-specific.

Graph 7 below provides a visual overview of how the density of actual household
consumption compares with the two extreme-case distributions estimated in (6), which
reflects perfect smoothing by households, and (15), which we have created assuming
households do not smooth consumption at all. The first important indication thereby
provided is the close fit with which the density of actual consumption approximates the
density of consumption in the case of no smoothing; even though the profile of the
former curve shows some signs of light bimodality by the end of the time period

analyzed, the two curves become increasingly similar. This is a very meaningful result,



which underlies how insurance mechanisms may effectively be in place and lead to a

sizable level of smoothing.



Graph 7
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Further to the graphical analysis set out above, it is now useful to formally assess how
well the mixture models of consumption we have built under the hypotheses of
smoothing and no-smoothing fit the data relative to the mixture model based on the
actual data. As we have used the MLE technique to estimate the parameters of the
underlying distributions of consumption, the corresponding likelihood value, which is at
the heart of the MLE parameter estimation method, can therefore be also employed to
assess how the models constructed under the hypotheses of full-smoothing and no-

smoothing fit the distribution of the data set.

Graph 8
Log-likelihood ratio test for consumption
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Thus, we compute the log-likelihood value (L) for each of the three models of
consumption relevant to our analysis: (i) Lc, which is the log-likelihood value of the

mixture of (three) normal distributions model that makes the modelling of the actual



consumption data consistent with the modelling of our income data;*? (ii) Ly, which is
the log-likelihood value of the model related to the distribution of consumption that
underlies no smoothing under the mixture of normals approach; and (iii) Ls, which is the
log-likelihood value of the model related to the distribution of consumption that
underlies perfect smoothing under the mixture of normals approach. Then, we compute
two ratios, Ln/Lc (Irnosmooth) and Ls/Lc (Irsmooth), which represent the ratios of the
log-likelihood values of the non-smoothed and smoothed mixed distribution models of
consumption relative to the mixture distribution model of consumption data constructed
with the mixture the three normal model, as specified above. Ratios above one would
reflect a better fit of the relevant model.

The trend in the likelihood ratio test is depicted in graph 8 above. Even though the
magnitude of the test is not very sizable, both ratios show a slightly improved fit when
the two mixture models under the smoothing and no smoothing assumptions are
considered; this is particularly true for the distribution of consumption under the
assumption of full smoothing during the first part of the time period concerned.
However, the fit seems to get worse in both models as the years approach the end of the

period.

4.4 Expected consumption

The third and last part of our analysis is concerned with the evaluation of the expected
level of consumption for each group G;, obviously assuming consumption to follow a
mixture of normal distribution with the same number of groups (and same proportions )
as estimated in equation (6). This allows us to predict the level of consumption,

conditional to the level of income, and compare the evolution of both variables over

12 The only restriction applied to the distribution model L. is based on is the fitting of consumption data
according to the three mixtures of normal distributions, analogous to income data.



time. Such a comparison is also useful in order to infer the degree of cross-group
consumption insurance, as we can compare how the differences between the two
underlying variables change over time from group to group.

In order to do so, we make use of probability theory and specify our expected

consumption equation in the following way:

16) B 16)= oo PGl

where P(G=j) is simply 7;, and P(G=jly)=f(»1G)P(G=7)/f(y,); the
denominator in the right hand side of this expression is just the empirical density
function of income, whilst f(y;1G;), which represents the normal density of the
income of the households belonging to group j, can be easily computed by considering a

normal standard density whose means and variances are those of the mixture of normals

model estimated by (6):

ql|>—A

a7 F(,1G)= ¢[ ”JJ

This allows us to compare mean consumption with mean income E(yi|G;), which we
have already obtained from (6)."
The joint evolution of mean household consumption and mean income level, by income

group, is shown in the graphs 9.a to 9.c below. Graph 9.a summarizes these trends for

B As E(yilG;) is just the mean household income [JJY belonging to the vector of parameter 67]. estimated
by the mixture of normals model we have employed.



the group of the poorest households, portraits a substantially similar and stable trend
during the whole period, with a consumption starting to trace an increasing positive gap
over income from the late 80s; this is a significant fact, likely to be related to the
increase in the level of risk insurance by the less affluent households. The trends
relative to the middle income households are shown in graph 8.b, where income and
consumption evidence, with some ups and downs in between, a marked decrease.
Consumption is almost constantly under the level of income, with the exception of the
second half of the 90s. Graph 9.c displays income and consumption paths for the
households that are better off. In this case it is possible to notice something opposite
(relative to the other two groups) to what evidenced in the other two graphs; during the
beginning of the time span under consideration, the level of consumption is above the
level of income. Then, after the two variables have both stopped their decline, there is a
slight, but constant, reversal of their trend, but consumption remains positioned below

income.
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Trends in expected income and consumption by group
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4.5 Predicted consumption given income

The final part of the empirical analysis of the paper aims to evaluate how well our
mixture model is capable to predict the level of consumption at each level of income.

We can define the predicted level of consumption as follows:

(18)  E@1y)=Y EIG)PG,]5),

j=1

where P(G, | y)is the same as explained in the previous sub-section for equation (16),
while

E(c|G,), is simply the average permanent income of group j,yj.’, as estimated by our
model in (6). The level of predicted consumption thereby obtained is then compared

with the level of consumption predicted by actual data and the actual level of household

income. The former is estimated by the empirical distribution as:
1 n

(19) E(Cly)z_zcik(yi)’
nh 3

where each level of consumption of household i is weighted by its kernel density value
k(yi). The latter is simply the empirical income level.

Graph 8 below plots the two types of predicted consumption against the level of income
— obviously, the solid line represents the case of zero smoothing, with income =

consumption.



The empirical evidence shows that, even though our model tends to overestimate the
degree of smoothing for the households in the lower part of the distribution of income
and to underestimate it for the high income families, it is able to predict actual
consumption relatively well; this is particularly true for the beginning and the end of the
time period analysed. It is possible to notice that the line of the model’s prediction
flattens beyond a certain income level; this is probably due to the relatively large share
of the households belonging to the higher income group. The declining trend of the
model’s line at low levels of income is likely to reflect the decreasing density of
household with higher income levels in that part of the distribution — at the very end of
it is more reasonable to expect to find households belonging to the high income group
whose members are temporarily without earnings.

In terms of relationship between income and consumption, the graphs clearly show that
low income families are able to smooth consumption, and the extent of this smoothing

(or consumption subsidization) is increasing after the end of the 1990s.
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6 Conclusions

This paper has shown how the use of a mixture model approach can contribute to the
empirical analysis of consumption insurance by modelling the distributions of income
and consumption and comparing them on a cross sectional basis and over time. The
main results of the paper can be summarized as follows.

Firstly, mixtures of normal distributions proves to be a reliable way to fit income data
and address the heterogeneity issue; in our case, the output of the ML estimation reveals
that income is composed by three normal sub-distributions, which provides a
satisfactory description of the multimodality features of the empirical income density,
as illustrated by the first set of our graphical analysis.

Secondly, we have been able to simulate the density of consumption under the
hypothesis that (full) insurance/perfect smoothing occur; by comparing this density with
the densities of actual consumption and of the consumption with perfect smoothing —
indeed the density of income estimated by our mixture model — one can observe to what
extent household have been able to insure against consumption risk. One important
finding here, as described by the relevant graphs, is that the distribution of actual
consumption is closer to the counterfactual distribution of smoothed consumption rather
than to the distribution reflecting consumption = income. Nevertheless, consumption
insurance is certainly in place, at least to some extent, for household in the upper part of
the distribution, especially after the mid 1980s. This underlies a likely positive effects
deriving from the boost to the process of financial liberalization that has affected the

UK in that period.



Overall, smoothing is taking place, to a larger extent, during the 1970s and the 1980s. It
is also possible to notice that the degree of consumption insurance tends increases after
the beginning of the 1980s, when the distribution of income becomes more polarized.
The degree of smoothing is higher for the household in the mid-bottom part of the
distribution, especially near the convergence of the bottom and middle groups. Finally,
we have computed the expected level of consumption for each household group, given
the level of income. This allows us to analyse the trends in the two variables for each
household group over time. It appears that the insurance mechanism is effectively
working, especially for the households with the lower level of income, which are able to
increase the degree of consumption during the 1990s. Trends of the so called middle
group of households also show some degree of smoothing in the final part of the time

period.
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